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!  V%!7(!6#(!#0)*+#!7%!6#(!('&0L*9()*+#!7%B!%-$(70!

!  V%!7%[#%!6#(!('&0L*9()*+#!'(&(!B(-!0'%&()*0#%-!

($+9*)(-!

!  \(!('&0L*9()*+#!-%!%L$*%#7%!(6$09Y$*)(9%#$%!(!$07(!

B(!%-$&6)$6&(!7%B!'&0/&(9(!

La idea principal del framework de 
Interpretación Abstracta es la de formalizar 
la noción de aproximación 

!  809%#C(90-!)0#!6#(!%-'%)*[)()*+#!F0&9(B!7%!B(!

-%9Y#$*)(!7%B!'&0/&(9(A!B(!*.12'"$%#&%0'%-."#!

!  80#-$&6*90-!%)6()*0#%-!]6%!&%'&%-%#$%#!B(!-%9Y#$*)(!

(,-$&()$(!)0#!&%-'%)$0!(!(B/^#!%-]6%9(!7%!

('&0L*9()*+#!

!  >-(90-!(B/0&*$90-!/%#%&(B%-!'(&(!&%-0B2%&!B(-!

%)6()*0#%-!7%!-%9Y#$*)(!G'6#$0-![Z0-I!

!  _&0,(90-!7*F%&%#$%-!*#-$(#)*()*0#%-!7%!B0-!%-]6%9(-!

'(&(!2%&!)6(B!%-!%B!]6%!9%Z&0!(Z6-$(!
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!  h%0&%9(!7%!i#(-$%&Eh(&-3*A!!V*!:A!\!→!\!%-!
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:_c:!

!  h%0&%9(!7%!iB%%#%A!V*!:A!\!→!\!%-!

)0#$*#6(5!\!%-!6#!&%$*)6B(70!)09'B%$0!

%#$0#)%-!(5/&6!-%!7%[#%!)090A!

{ x ! L | F(x) = x}  

{ x ! L | F(x)  x}  

{ x ! L | x  F(x) }  

⊥ 

⊥ 

lfp 

gfp 

⊥ 

⊥ 

F0     =  ⊥ 
Fn+1  =  F (Fn) 
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Semántica operacional small-step:  (#, $)%

Ejemplo: 1:  n = 0; 
2:  while n < 1000 do  
3:    n = n + 1; 
4:  end 
5:  exit 

&1, n ' () $ &2, n ' 0) $ &3, n ' 0) $ &4, n ' 1) %
$ &2, n ' 1) $ ... $ &5, n ' 1000)%

s =  & program point , env )   %  s  $  s' 

Valor indefinido concreto 
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n = 0 

n ! 1000 

1 

2 

3 

4 

5 

 n < 1000 

 n = n + 1 

1:  n = 0; 
 
 
2:  while n < 1000 do 
 
 
3:    n = n + 1; 
 
 
4:  end 
 
 
5:  exit 

Control flow graph:                   

 

Semántica operacional:  〈 , ε〉 → 〈 , op ε 〉  

 

op 

Semántica de op 

Abstract  
Semantics 

Collecting  
Semantics 

Partitioning 

Concrete  
Semantics 

Abstract  
Domain 

Abstract  
Domain 

Iterative 
Resolution 
Algorithms 
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!

!  ;B!)0#Z6#$0!7%!%-$(70-!(B)(#C(,B%-!7%-7%!%B!%-$(70!*#*)*(B!

!  ;B!)0#Z6#$0!7%!$070-!B0-!%-$(70-!(B)(#C(,B%-!7%-7%!%B!%-$(70!
*#*)*(B!]6%!(B)(#C(#!6#!%-$(70![#(B!

!  ;B!)0#Z6#$0!7%!$07(-!B(-!$&(C(-![#*$(-!7%-7%!%B!%-$(70!*#*)*(B!

!  ;B!)0#Z6#$0!7%!$07(-!B(-!$&(C(-![#*$(-!%!*#[#*$(-!7%-7%!%B!%-$(70!
*#*)*(B!

:'"3$%$;'A!80B%)$(!B0-!2(B0&%-!]6%!k64%#!'0&!%B!8:1!

La semantica de “recolección” (collecting semantics) 
representa un conjunto de comportamiento 
observable en la semántica operacional. 
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.%'%#7%!7%B!(#YB*-*-!

!  _&0'*%7(7%-!7%!%-$(70!
!  .*2!'0&!)%&05?6J%&!02%&6#-5<6BB#%--!

!  _&0'*%7(7%-!-0,&%!$&(C(-![#*$(-!
!  .%(7B0)3-5!2(&*(,B%-!#0!*#*)*(B*C(7(-H!

!  _&0'*%7(7%-!-0,&%!$&(C(-!*#[#*$(-!
!  h%&9*#()*+#!

S = {s | s0  $ ... $ s} 

El conjunto de estados alcanzables desde el 
estado inicial s0: 

S = lfp F 

F (S) = {s0} * {s' | +s ! S: s $ s'}%

Teorema:     F : (,(#), -) $ (,(#), -) 

S = {&1, n ' (), &2, n ' 0), &3, n ' 0), &4, n ' 1),%
&2, n ' 1), ..., &5, n ' 1000)} 

1:  n = 0; 
2:  while n < 1000 do  
3:    n = n + 1; 
4:  end 
5:  exit 

!  :Q!O!(!O! !

!  :P!O!:G I!O!d&P5#⇒()f!
!  :R!O!:G:G IIO!d&P5#⇒()5!&R5#⇒Q)f!
!  :l!O!:G:RI!O!d&P5#⇒(〉5!&R5#⇒Q)5!&l5#⇒Q)!f!
!  :m!O!:G:lI!O!d&P5#⇒()5!&R5#⇒Q)5!&l5#⇒Q)5 &m5#⇒P)!f!
!  :n!O!:G:mI!O!d&P5#⇒()5!&R5#⇒Q)5!&l5#⇒Q)5 &m5#⇒P), 
&R5#⇒P)!f!

!  HHH!

S = {&1, n ' (), &2, n ' 0), &3, n ' 0), &4, n ' 1),%
&2, n ' 1), ..., &5, n ' 1000)} 
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!  Σ!O!Σ
P
! !Σ

R
! !HHH! !Σ

#
!!

!  Σ
*
!O!d&35!ε)!∈!Σ!e!3!O!*!f!

!  @#(B*C(90-!%B!F6#)*0#(B!-0,&%!B0-!%-$(70-!'(&$*)*0#(70-!

!  :
*!
GS

P
5!HHH5!S

#
I!O!d-o!∈!S

*
!e!∃Z!∃-!∈!S

Z
A!-!$!-of!

!  :
*!
GS

P
5!HHH5!S

#
I!O!d!&*5 0' ε)!e! $ !∈!8:1!G_If!

!  :
Q
GS

P
5!HHH5!S

#
I!O!!d!-

Q
!f!!!!

Particionamos el conjunto S de estados con 
respecto a los puntos del programa 

op 

- Objetivo: Colectar información en cada punto del 
programa 

〈1, e1〉 
〈1, e2〉 

〈j, !1〉 
〈j, !2〉 

〈i, op !1〉 
〈i, op !2〉 

"1 

"j 

"i 

" " 

F 

op 
op 

Sj 

S1 

Si 

!  <0$()*+#A!;
*
!O!)0#Z6#$0!7%!2(B6()*0#%-!%#!%B!'6#$0!

7%B!'&0/&(9(!*!!

!  _&04%)$(&!!R7(

!)09'0#%#$%!7%!d〈*5!ε〉f!

!  V*-$%9(!7%!%)6()*0#%-!7%!-%9Y#$*)(!A!

!  V0B6)*+#!7%B!-*-$%9(A&!&<&BF'&6&
!  p%)0&7(&!]6%!'07%90-!)(B)6B(&!!V!)090!

!  S0 =(⊥,…,⊥) , Sn+1 = F(S1n) = (S1n,…, Skn) 
!  Usando ; 
!  ;

0 =(⊥,…,⊥) , ;n+1 = U { op Ej
n |         ∈ CFG (P) } 

Ei = U { op Ej |            ∈ CFG (P) } op 

op 
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1:  n = 0; 
2:  while n < 1000 do  
3:    n = n + 1; 
4:  end 
5:  exit 

E1 = {n ' (} 
E2 =( n = 0 E1) * E4 

E3 =  E2 . ]-/, 999] 
E4 = n = n + 1 E3 

E5 =  E2 . [1000, +/[ 

Ei = U { op Ej |            ∈ CFG (P) } op n = 0 

n ! 1000 

1 

2 

3 

4 

5 

 n < 1000 

 n = n + 1 

E5 =  E2 . [1000, +/[ 

E1 = {n ' (} 

E4 = n = n + 1 E3 

E3 =  E2 . ]-/, 999] 

E2 = n = 0 E1 * E4 
1:  n = 0; 
2:  while n < 1000 do  
3:    n = n + 1; 
4:  end 
5:  exit 

Ei = U { op Ej |            ∈ CFG (P) } op 

n = 0 

n ! 1000 

1 

2 

3 

4 

5 

 n < 1000 

 n = n + 1 

E5 =  E2 . [1000, +/[ 

E1 = {n ' (} 

E4 = n = n + 1 E3 

E3 =  E2 . ]-/, 999] 

E2 = n = 0 E1 * E4 

Ei = U { op Ej |            ∈ CFG (P) } op 

{n ' 0} {n ' 1} 

{n ' 1} {n ' 2} …{n ' 1000} 

{n ' 1000} 

{n ' 0} {n ' 1} …{n ' 999} 

…{n ' 999} 

{n ' (} 

{n ' 1000} {} 

Abstract  
Semantics 
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Concrete  
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Abstract  
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Abstract  
Domain 

Iterative 
Resolution 
Algorithms 

Ajustes 
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Problema: Calcular una aproximación sound 
de S: S# 

S  -  S# 

Solución: conexiones de Galois 

Si 0 o 1 (a) = a se lo conoce como inserción de Galois 

(C, -)                                 (A, 2) 
0%

1%

C, A reticulados Dominio abstracto 
Dominio concreto 

"   "c"a : 0 (c) 2 a  3  c - 1 (a) 

"   "c"0 : c - 1 4 0 (c)  &  0 o 1 (a) 2 a 

"   "c"a : 0 (c) 2 a  3  c - 1 (a) 

"   "c"0 : c - 1 4 0 (c)  &  0 o 1 (a) 2 a 

T 

- 0 + 

T 

#
 

-4
 

-3
 

-2
 

-1
 

 0  1 2 3 4 #
 

{} 

Z 

"   "c"a : 0 (c) 2 a  3  c - 1 (a) 

"   "c"0 : c - 1 4 0 (c)  &  0 o 1 (a) 2 a 

T 

- 0 + 

T 

#
 

-4
 

-3
 

-2
 

-1
 

 0  1 2 3 4 #
 

{} 

Z 
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!  "7%9'0$%#)*(!

!  0o1o0 = 0%
!  1o0o1 = 1!

!  q6(-*!*#2%&-(-!!G'07%90-!7%[#*&!6#(!%#!F6#)*+#!7%!B(!0$&(I!

"  0 (c) = !{ a | c -  1 (a) } 

"  1 (a) =  { c | 0 (c) 2 a } 

"  0 %-!%B!2(B0&!(,-$&()$0!9Y-!'&%)*-0!&%'&%-%#$(#70!6#(!

'&0'*%7(7!)0#)&%$(!7(7(!

"  1 7(!B(!-%9Y#$*)(!7%!B0-!2(B0&%-!(,-$&()$0-!%#!F6#)*+#!7%!

'&0'*%7(7%-!)0#)&%$(-!

!  Correción (usando Z,NZ,MZ) 
!  Si no se cumple que Z # 0 (c) 
!  Sabemos que 1(0 (c)) no incluye al 0 
!  Por lo tanto podriamos dividir   

!  Incompletitud 
!  Si se cumple que Z # 0 (c) 
!  No podemos concluir que c = 0 
!  Ya que 1(0 (c)) incluye al 0 pero puede ser que c c 

mismo no lo sea 

!  _(&(!$07(!F6#)*0#!)0#)&%$(!!:A!8→85!B(!

)0&&%-'0#7*%#$%!F6#)*+#!(,-$&()$(!:(A@→@!'6%7%!

-%&!7%$%&9*#(7(!6-(#70!B(!)0#%L*+#!7%!1(B0*-!(0,1) 

!  :(G(I!O!0 o F o 1%

!  V%!B0!BB(9(!a9%Z0&!(,-$&())*+#!'0-*,B%!7%!:bH!!

!  8090!%#!/%#%&(B!#0!)(B)6B(90-!(0,1)5-%!-6%B%!6-(&!
6#(!('&0L*9()*+#!7%!:(!

!  Fa(a) 2 :rG(I 
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!  .(7(!6#(!)0#%L*+#!7%!1(B0*-!%#$%!@!4!85!-%!
)69'B%!B(!-*/6%#$%!'&0'*%7(7!'(&(!$07(!:A8→8!

!  0GBF'!:I 2 GBF'!:(I5!0!7%!9(#%&(!%]6*2(B%#$%!

!  BF'!:!!-!1GBF'!:(I!

!  \6%/05!%B!)YB)6B0!-0,&%!B(!(,-$&())*+#!%-!6#(!
-0,&%('&0L*9()*+#!7%B!)YB)6B0!%#!%B!709*#*0!

)0#)&%$0s!

!  `-%(S!V%!'6%7%!('&0L*9(&!%B!'6#$0![Z0!)0#)&%$0!

G:I!(!'(&$*&!7%B!'6#$0!7%!-6!(,-$&())*+#!!G:(I!

L1 

L2 L2 

L1 

0%1%

0 o F o 1%

F 

Teorema:      lfp F  - 1 (lfp 0 o F o 1)  

•  Encontrar una conexion de Galois: 

•  Encontrar una función:   0 o F o 1  2  F# 

(,(#), -)                                 (##, 2) 
0%

1%

•  Notacion:  E conjunto de todos los environments 
•  Conexión de Galois: 

•  *, . es aproximado por *#, .#%

•  Semántica op aproximada usando op # 

(,(E), -)                                 (E#, 2) 
0%

1%

0 o op o 1  - op # 
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1:  n = 0; 
2:  while n < 1000 do  
3:    n = n + 1; 
4:  end 
5:  exit 

E1
# =  0 ({n ' (}) 

E2
# = ( n = 0 # E1

# )  *# E4
# 

E3
# =  E2

# .# 0 (]-/, 999]) 
E4

# = n = n + 1 # E3
# 

E5
# =  E2

# .# 0 ([1000, +/[) 

Abstract  
Semantics 

Collecting  
Semantics 

Partitioning 

Concrete  
Semantics 

Abstract  
Domain 

Abstract  
Domain 

Iterative 
Resolution 
Algorithms 

Ajustes 

•  Signos: x ' +,  y ' 0, ... 
•  Intervalos: 

x ' [a, b],  y ' [a', b'], ... 
•  Poliedros (relacional): 

x + y - 2z  2  10,  ... 
•  Matrices de diferencias (weakly relational): 

y - x  2  5,  z - y  2  10,  ...%

Environment:  x ' v,  y ' w, ... 

Muchos tipos de aproximaciones 

• Iteración 2 
• E1

# = ( 
• E2

# = {0} U {+} = T 
• E3

# = 0 . T = 0 

• E4
# = +1 0 = + 

• E5
# = 0 . + = T 

1:  n = 0; 
2:  while n < 1000 do  
3:    n = n + 1; 
4:  end 
5:  exit 

Iteración 3 
• E1

# = ( 
• E2

# = {0}U{+} = T 
• E3

# = T . T = T 

• E4
#= +1 0=+ 

• E5
# = T . + = + 

               T 
         -     0     + 
               ( 

• E1
# = ( 

• E2
# = 0+ 

• E3
# = 0+ 

• E4
# = + 

• E5
# = + 

               T 
        -0         +0 
     -         0       + 
               ( 

E1
# =  ! ({n " #}) 

E2
# = ( n = 0 # E1

# )  $# E4
# 

E3
# =  E2

# %# ! (]-&, 999]) 
E4

# = n = n + 1 # E3
# 

E5
# =  E2

# %# ! ([1000, +&[) 

• Iteración 1 
• E1

# = ( 
• E2

# = 0 
• E3

# = 0 
• E4

# = + 
• E5

# = + 

Iteración 4 
• E1

# = ( 
• E2

# = {0}U{+} = T 
• E3

# = T . T = T 

• E4
# = +1 T=T 

• E5
# = T . + = + 
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x 

y 

5 

5 

± x 2 c  
± y 2 c  

Interval 

± x ± y 2 c  
Octagon 

± c1x ± c2y 2 c  
Polyhedron 

5 

5 

5 

5 

Octagon only maintains 
correlations between two 
variables 

•  Iteration 1:  E2
# = [0, 0] 

•  Iteration 2:  E2
# = [0, 1] 

•  Iteration 3:  E2
# = [0, 2]  

•  Iteration 4:  E2
# = [0, 3] 

•  ... 

1:  n = 0; 
2:  while n < 1000 do  
3:    n = n + 1; 
4:  end 
5:  exit 

! =$4.''$'7A!!()%B%&(&!%B!'&0)%-0!7%!*$%&()*+#!7%!
iB%#%#%5!'(&(!BB%/(&!(!6#!a'0-$E[L'0*#$b!

!  >#--0?$'7A!'(&(!BB%/(&!(!6#!'6#$0![Z0!G#0!
#%)%-(&*(9%#$%!%B!9W#*90I!

Como lidiar con reticulados de altura infinita? 
 
Solución: Operadores de extrapolación 
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Abstract  
Semantics 
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Semantics 

Partitioning 

Concrete  
Semantics 

Abstract  
Domain 

Abstract  
Domain 

Iterative 
Resolution 
Algorithms 

Ajustes 

•  Operador de unión abstracta: 
"x"y :  x  y 2 x 6 y  

•  Y debe forzar la convergencia: si x0 x1 # 

Reticulado (L, 2):  6 : L 5 L $ L 

y0     =  x0  
yn + 1  =  yn 6 xn+1 

(yn)n$0 es finita 

[a, b] 6 [a', b'] 

"   If  a 2 a'  then  a  else   -/%

"   If  b' 2 b  then  b  else  +/%

 Se puede pasar del punto 

fixpoint 

widening 
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1:  n = 0; 
2:  while n < 1000 do  
3:    n = n + 1; 
4:  end 
5:  exit 

(E2
#)n+1 = (E2

#)n 6 ( n = 0 # (E1
#)n *

# (E4
#)n) 

 

 Iteración 1 (union):  E2
# = [0, 0] 

 Iteración 2 (union):  E2
# = [0, 1] 

 Iteración 3 (widening):  E2
# = [0, +/] ' estable 

1:  n = 0; 
2:  while n < 1000 do   
3:    n = n + 1; 
4:  end 
5:  exit; t[n] = 0; // t  has 1500 elements 
 

"   E5
# = [1000, +/[  

"   La información esta presente en las ecuaciónes 

Falso positivo!!! 

! t%Z0&(!%B!&%-6B$(70!7%B!M*7%#*#/!!

"  Operador de interseccion abstracta: 

"x"y :  x 2 y => x 2 x 7 y 2 y  (x  y 2 x 7 y) 

"  Debe forzar convergencia:   si x0 8 x1 8 # (decrecientes) 

Reticulado (L, 2):  7 : L 5 L $ L 

y0     =  x0 
yn + 1  =  yn 7 xn+1 

(yn)n$0 es finita 

[a, b] 7 [a', b'] 

"   If  a = -/  then   a'  else  a 

"   If  b = +/  then  b'  else  b  

 Refina las cotas que quedaron 
abiertas 
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fixpoint 

widening 

narrowing 

1:  n = 0; 
2:  while n < 1000 do  
3:    n = n + 1; 
4:  end 
5:  exit; t[n] = 0; 

(E2
#)n+1 = (E2

#)n 7 ( n = 0 # (E1
#)n *

# (E4
#)n) 

 

 Inicio de la iteración:  E2
# = [0, +/[  

 Iteración 1:  E2
# = [0, 1000] ' stable 

 Consecuencia: E5
# = [1000, 1000] 

E1
# =  ! !{n "#})

E2
# = ([ n = 0] # E1

# )  $! E4
#

E3
# =  E2

# %! ! !]-&, 999])
E4

# =[ n = n + 1] # E3
#

E5
# =  E2

# %! ! ![1000, ! &[)

[1, 1000] 

Abstract  
Semantics 

Collecting  
Semantics 

Partitioning 

Concrete  
Semantics 

Abstract  
Domain 

Abstract  
Domain 

Iterative 
Resolution 
Algorithms 

Ajustes 

1:  n = 0; 
2:  k = 0; 
3:  while n < 1000 do  
4:    n = n + 1; 
5:    k = k + 1; 
6:  end 
7:  exit 

"   Usando intervalos:  
E4

# = & n ' [0, 1000],  k ' [0, +/[ )%

"  Usando Poliedros o  DBMs: 
E4

# = & 0 2 n 2 1000,  0 2 k 2 1000,  n - k = 0 )%
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! t*&(&!-B*7%-!7%!_($&*)3!806-0$!

!

!  >#!)6&-0!7%!.(2*7!_*)D(&7*%!
!  D$$'AKKB*9%&*)3H)0-$E*)QuQPH0&/KD09%K(,-$&()$E

*#$%&'&%$($*0#!

!  _&*#)*'B%-!0F!_&0/&(9!@#(B4-*-!H!:B%99*#/!

<*%B-0#5!v(##%!p**-!<*%B-0#5!8D&*-!v(#3*#H!


