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Preface

This thesis is about the theory for representing changes, a topic in theoretical
Artificial Intelligence. This work was performed in two stages, quite distant
in time one from another. The first was carried out from 1994 to 1996, after
my studies in Canada, as a doctoral student of Carlos Alchourrén under a
scholarship of the University of Buenos Aires. I met a privileged intellect,
a true maestro and an affectionate man. All the problems and solutions
I discuss in this thesis were initiated in those days, in long conversations,
usually having tea. I deeply regret, and so does every one who met him,
his passing away in January 1996. At that time David Makinson guided
and encouraged my work. This prestigious figure was fundamental to my
studies. I am extremely grateful to him for his wise recommendations and
detailed teaching. Untiredly, he worked through my papers in various stages,

corrected my proofs, added new results and sent me references.

The second stage was delayed until the end of 1997. Although I remained
close to the theory of theory change mainly because I was part of a research
project, I went into a crisis with the subject of my thesis. Mostly with
my good friend Carlos Areces we started to worry about decidability and
expressibility in formal languages. We studied non-standard modal logics
and renamable Horn sets, and wrote about “Characterization results for
d-Horn formulae, or On formulae that are true on dual reduced products”,

that will appear in Lecture Notes in Computer Science, CSLI series, in 1999.

Somehow, in January 1998, after understanding some old results of the-
ory change I was ready to write my thesis on binary functions for theory

change.

Undoubtedly Carlos Areces is the person I am most indebted to. I could



ii

not have written this thesis without his acute constructive criticism and his
invaluable technical help. I specially acknowledge his total dedication to our
work during his visits to Buenos Aires. And of course I thank Gladys Palau
for her wise guiding and support, and my peers, Eduardo Fermé and Ricardo
Rodriguez, for giving me the encouragement to write this thesis. I'm also
grateful to Hans Rott for his insightful observations during his visit to our
Department in April 1999, and to José Alvarez for his comments on a draft
of this work. Lastly, I deeply thank the indispensable support I received
from my husband and I apologize to my loving children for the innumerable
hours I didn’t spend with them.

Much of the content of this thesis has been published or has been sub-
mitted for publication. Chapters 3 and 4 treat the problems discussed in “It-
erable AGM functions”, written in collaboration with Carlos Areces, which
appears in Rott H. Williams M.(eds), Frontiers in Belief Revision, Kluwer
Applied Logic Series, to be published in 1999.

The results in Chapter 5 will appear as “Update, the infinite case” in the
proceedings of the Third Argentinean Workshop on Theoretical Computer
Science (WAIT 99), to be held in Buenos Aires in September 1999.

The initial ideas of Chapter 6 date back to “Unified Semantics for Re-
vision and Update, or the Theory of Lazy Update” which appears in the
Proceedings of the 24 Jornadas Argentinas de Informatica e Investigacion
Operativa (JAIIO), pp.641-650, Buenos Aires, Argentina, 1995.

Chapter 7 expands on some ideas contained in the following two articles.
“Two Conditional Logics for Defeasible Inference: A Comparison”, which
appeared in Notes in Artificial Intelligence, pp.49-58. Wainer, J. Carvalho A.
Advances in Artificial Intelligence. Springer Verlag, 1995; and “Some obser-
vations on Carlos Alchourrén’s theory of defeasible conditionals”, written in
collaboration with E.Fermé, S.Lazzer, R. Rodriguez, C. Oller and G.Palau;
in Mc Namara P. Prakken H. (eds), Norms Logics and Information Systems,

New Studies on Deontic Logic and Computer Science, IOS Press, 1998.

Verénica A. Becher
June 1999
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Chapter 1

Introduction

The continuous change in corpora of information is indeed a problem. Leg-
islation is under constant modification, new discoveries reshape scientific
theories and robots have to update their representation of the world each
time a sensor gains new data. The theory of theory change offers a model

for these processes under certain idealizations.

A formal language and a logical consequence operation are assumed.
Corpora of information are represented as sets of sentences closed under
logical consequence, that is, theories. New information is expressed as sen-
tences in the logical language. The notion of change is formalized as func-
tions that take a theory and a sentence to an updated theory. There is a
leading principle for these functions: consistency. The result of a change by

a consistent sentence should always be a consistent theory.

In 1985 Alchourrén, Gérdenfors and Makinson (henceforth “AGM”)
published the article that became the classical reference in the literature
on theory change [Alchourrén et al., 1985]. They conceived change func-
tions that, under the maxim of consistency, preserve as much as possible
of the original theory while accounting for the new information; theories
should not be changed beyond necessity. Subset inclusion among theories
alone was not enough as a criterion of minimal information loss because,
in general, infinitely many theories are incomparable with each other with
respect to set inclusion. Hence, it may be impossible to select a single one

as the most preservative. As a result AGM functions must commit to a
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nondeterministic choice or else encode some other criteria for selection. The
work of Alchourrén, Géardenfors and Makinson created a whole new area
of research, also referred to as belief revision (see for example, [Girdenfors,
1988],[Gérdenfors, 1992]).

At least in two respects the AGM theory is underdefined. One is the
problem of iterated change. AGM functions model single changes, they take
one given theory to an updated theory, they perform one single step. But
there will be another change after the one just considered that will induce
yet another theory. That is, we will have to update the already updated
theory. Although the AGM formalism does not forbid the iteration of change
functions, it omits any specification of how it should be performed or what
the properties of successive change are.

A main concern among researchers studying iterated change is whether
there is a unique general model, a single set of properties in the same spirit as
the AGM postulates for single changes. Fourteen years after the inception
of the AGM theory we find several alternative formalizations differing in
their virtues and defects, but whether there could exist such a uniform set
of properties of iterated change remains still unknown; perhaps there is no
unique regularity to expose.

The other problem not addressed by the AGM theory is the problem
of change in distinct theories. If two theories are interrelated with one
another we may expect the result of the respective change operations to be
interrelated too. For example, if one theory is included in another, we may
expect that the theory obtained by changing the first be included in that
obtained by changing the other. Some coherence properties should link the
change operation over different theories. The most general idea to express
conditions of coherence seems to be that the change function should be a
structure preserving function, a morphism, in the sense that the values of the
function stand in a special relation whenever the arguments of the function
stand in a special relation. The problem of change in distinct theories is the
central topic of this thesis.

In this thesis we will propose binary change functions, that is, functions
of arity two that are defined for every theory and every formula. We will

argue that they solve the problem of change in distinct theories, and, to
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some extent, the problem of iterated change. Clearly, binary functions can
account for successive change because a theory returned by one application
of a function is yet a possible argument of the same function. Thus, binary
AGM functions provide a definitionally simple scheme of iterated change. If
this oversimplifies the problem of iteration, it will be justified to commit to
a more complex solution. However, if our solution possesses enough virtues
(for a class of problems at hand) then the maxim of parsimony in science

will have been respected.

1.1 The Theory of Theory Change in Computer

Science

Computer programs are finite sequences of symbols that are expected to
perform a task. Thus, programs can be taken to be a symbolic representation
of their output. We may face two different reasons for changing a program.
One is when the output of the program differs from what we expected. We
usually say that the program is incorrect with respect to its specifications,
or that it “has bugs”. Correcting the program, also referred as “debugging”,
leads to new versions of the program until one (hopefully) reaches a final

version that achieves the desired task.

A different reason to modify a program is when we are given a new
specification of what our program should do. Even though our program was
sound with respect to some original specification, it should now be changed
to match an updated specification. It is not that our program was incorrect,
but there is something different that should be accounted for. These two
examples illustrate two different forms of changing representations.

The theory of theory change offers a general model of the dynamics
of representations. AGM functions, specifically AGM revisions, have been
considered appropriate for correcting representations, but not for modeling
changes produced by evolving specifications. A suitable operation for up-
dating representations due to changes in specifications has been proposed
by [Katsuno and Mendelzon, 1992]. The two formal operations have been

taken as representative of fundamentally different forms of change.
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The theory of theory change was rapidly included in Artificial Intelli-
gence (Al). According to the declarative or logical school, as portrayed by
[Hayes, 1985] or [Moore, 1982], when solving problems in Al we start from a
representation of a problem. But such a representation may only be appli-
cable if we can understand and model how to update it in the light of new
information. The state of a program is expected to be in constant change,
reflecting the diverse inputs from the world. A theory governing the dy-
namics of the given representation is required. Theories of theory change
are relevant to Al addressing this issue.

But why must a representation be a set of sentences in some logic? As
explained by [Boutilier, 1992al, of course any formal system will do when
it comes to characterizing in a principled manner the reasoning performed
by a program, and logic should be accorded no special status in this regard.
If a set of differential equations will accurately model the behaviour of a
program, why bother with logical accounts? While prediction of behaviour
might be accurate within any formal system, it is the model-theoretic se-
mantics of logics that gives logical representations their advantage in under-
standing behaviour. Clearly, formal semantics provides no real meaning to
sentences (see [Putnam, 1970]), it is merely the mapping of one mathemat-
ical structure (the logical language) into another (an interpretation of the
language). These so-called models may be any structure whatsoever. What
different but equivalent representations are useful for is to grasp a problem
from different perspectives. Logics are equipped with formal semantics that
justify the notion of consequence in the logic. However, we require no ac-
tual commitment by a system to give an explicit representation in terms of
logical sentences and to reason with a general purpose theorem prover, only

that such a system be able to be understood in such terms.

1.2 Thesis Overview

Throughout we will assume some familiarity with classical logic and with
the AGM theory. In Chapter 2 we will introduce notational conventions and
review the definitions and results of theory change that will be needed.

In Chapter 3 we will formally present the two main problems discussed
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in this thesis. On the one hand, the problem of change in distinct theories,
which was originally considered by Alchourrén and Makinson in their article
on Safe Contractions [Alchourrén and Makinson, 1985]. Since then, this
problem has not been the object of much attention in the literature and the
existing examples of functions that provide coherent change in distinct sets
were motivated by unrelated concerns.

On the other hand, the problem of iterated change. The very first refer-
ence to successive application of change operators also appears in the same
article on Safe Contractions. The problem of iteration has become a very rel-
evant theme and there is already a considerable amount of literature about
it. Instead of surveying the different approaches to iterated change we will
isolate a set of significant properties arising from different proposals.

Our contributions in this chapter will be: Firstly, to elucidate the lim-
itation of the AGM theory to solve the two above mentioned problems.
Secondly, to consider binary functions for theory change, functions that are
defined for every theory and every formula. We propose them as a solution
to the problem of change in distinct sets, and to some extent, also to the
problem of iterated change. And thirdly, to show that although the AGM
model has been criticized for not addressing the problem of iterated change,
it is in fact compatible with iteration. In particular, we will exhibit binary
functions that are limiting cases in the AGM original framework.

The following three chapters are devoted to studying different binary
functions. In Chapter 4 we extend the AGM theory and define iterable
AGM functions. As is customary in the AGM theory, we will define them
axiomatically with a set of postulates, provide explicit constructions of the
functions over different formal structures and prove representations theorems
showing their equivalence. Iterable AGM functions are almost constant
(on their first argument, the second argument held fixed), and in spite of
their definitional simplicity they satisfy a number of significant properties
of iterated change.

We will devote Chapter 5 to Katsuno and Mendelzon’s update operation.
In contrast to the AGM tradition, Katsuno and Mendelzon have formalized
their operation as a connective in a finite language — namely, a proposi-

tional language over a finite set of propositional variables—. In this chapter
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we will reformulate the update operation as a binary function, taking a the-
ory and a formula to an updated theory. Then we will exhibit an unexpected
result: Katsuno and Mendelzon’s postulates are incomplete to characterize
the update function for infinite propositional languages. We will then pro-
vide the appropriate set of postulates, strengthening the original ones, and
prove the corresponding representation theorem for possibly infinite propo-
sitional languages. This result extends and clarifies previous results in the
area. In addition, we study many properties that update functions satisfy.

In Chapter 6 we will extend the AGM theory in the spirit of Katsuno
and Mendelzon’s update operation. We will define analytic AGM functions.
We will characterize them via postulates and also provide an explicit con-
struction of the functions. We will prove representation theorems, for the
finite and infinite cases, linking the construction with the postulates.

Analytic AGM functions are binary functions with two main interests.
As AGM functions for changing distinct theories they possess a significant
property. The analytic change operation is decomposable in the sense that
it can be calculated by means of simpler operations. The other main interest
is that they provide a formal link between the AGM revision operation and
Katsuno and Mendelzon’s update, when the two have been traditionally
taken as incomparable frameworks.

We will devote Chapter 7 to providing a unification result about two
logical calculi for the AGM theory, the logic DFT [Alchourrén, 1995] and
the logic CO [Boutilier, 1992a]. By appealing to the notion of consequence
both logics allow to calculate changes in different theories. Although the two
are modal conditional logics, they differ. The semantics of CO is relational
while that of DFT is not. The two logics also differ in the definition of their
conditional connective. We will prove that, under restricting conditions, the
two logics are indeed equivalent. In both logics the nested occurrences of the
conditional connective suggest a function of iterated change. Unfortunately,
DFT and CO are of no help to the problem of iterated change since such a
function is truly trivial.

Finally, in Chapter 8 we will summarize the contributions of this thesis

and examine avenues for further research.



Chapter 2

The AGM Theory of Theory
Change

Throughout this thesis we will assume knowledge of the AGM theory. In this
chapter we will briefly present the definitions and results that will be needed
in subsequent chapters, making emphasis on the alternative presentations
of the AGM theory. We shall start introducing notational conventions and

basic definitions.

2.1 Preliminaries

If X and Y are sets, a relation R between X and Y is a set of ordered pairs,
R={(z,y)|lr € X and y € Y}, a subset of the Cartesian product of X x Y.
If (x,y) € R we shall write zRy.

A function from X to Y is a relation f such that the domain of f is
X and for each x € X there is a unique element y in Y with (x,y) € f.
For each € X the unique y € Y is denoted by f(z). From now on we
shall write f(z) = y instead of (x,y) € f. The element y is called the value
that the function assumes at the argument . The words map or mapping
and operator are sometimes used as synonymous for function. The range of
f consists of those elements y of Y for which there exists an = in X such
that f(z) = y. If the range of f is equal to Y, then f is surjective. If f

maps different elements of the domain to different elements in the range,

7
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then f is injective. If f is surjective and injective, then it is bijective,
establishing a one to one correspondence between X and Y. The symbol
f: X — Y is used as an abbreviation for “f is a function from X to Y.”
Given a function f: X xY — Z, we will refer to the function f,, : Y — Z
defined fy,(y) = f(xo0,y) as the projection of f for a fixed value xy of the
first argument. Similarly for the second argument, f,, : X — Z defined
fyo(x) = f(x,y0), as the projection of f for a fixed yp € Y.

A function is unary when it is a function on a single argument. A function
is called binary (n-ary), or of two (n) arguments, if it is defined on a set of
ordered pairs (n-tuples); for example, the sum on the natural numbers is

binary.

We will refer to the following properties of binary relations. Let X be a

set, and R be a binary relation over elements of X.

R is irreflexive in X if and only if for all x € X, not zRz.

R is reflexive in X if and only if for all x € X, zRx.

R is symmetric in X if and only if for all z,y € X if xRy, then yRz.

R is antisymmetric in X if and only if for all x,y € X, xRy and yRx only
ifx=y.

R is transitive in X if and only if for all z,y,z € X, if xRy and yRz then
zRz.

R is connected in X if and only if for all z,y € X if x # y, then xRy or yRz.

R is totally connected in X if and only if for all x,y € X, zRy or yRx.
Notice that total connectedness implies reflexivity.

A relation R over X is wvirtually connected over Y C X if and only if for
every x,y,z € Y if xRy then either xRz or zRy. Equivalently, R C X x X
is virtually connected over Y C X iff its complement R = X x X — R is

transitive over Y.
R is a preorder on X if and only if R is reflexive and transitive.

R is a partial order on X if and only if R is reflexive, transitive and anti-

symmetric.
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R is a total order on X if an only if R is antisymmetric, transitive and totally

connected.

A relation R is well founded on X if every non empty subset of X has a
non empty subset of R-minimal elements; equivalently, if R is free of infinite

descending chains.

A relation R on X is acyclic if for any set of elements x1,...,x, € X, it is
not the case that z1RxoR ...z, Rx,. Let’s notice that for n = 1, acyclicity

implies irreflexivity. For n = 2 acyclicity implies asymmetricity.

To denote arbitrary relations that are orders we will use the symbols <, <,
< and <, sometimes with subscripts. We will write IV for the set of natural

numbers, O for the set of ordinals and IR for the reals.

We assume familiarity with basic notions of classical logic. We will con-
sider L to be a logical language. The symbols A, V,—, D, = will denote the
usual truth functional connectives and Capital letters A, B, C' will be used
to denote arbitrary formulae of L. We consider Cn a Tarskian consequence
operation, a function that takes each subset of L to another subset of L such
that:

(inclusion) X C Cn(X).
(monotony) If X CY then Cn(X) C Cn(Y).

(idempotency) Cn(X) C Cn(Cn(X)).
In addition, following [Alchourrén et al., 1985] we assume Cn on L satisfies:

(supra classicality) If A can be derived from X by classical truth func-

tional logic, then A € Cn(X).

(compactness) If A € Cn(X), then A € Cn(Y) for some finite subset
Y CX.

(introduction) If C' € Cn(X U {A}) and C € Cn(X U {B}) then C €
Cn(X U{AV B}). (introduction of disjunction into the premisses).
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Under these assumptions the consequence operation Cn also satisfies the
deduction theorem, that B € Cn(X U{A}) if and only if (A D B) € Cn(X),

A theory is a subset of L closed under Cn. Capital letters K, K', H are
used for theories of L, and we denote by IK the set of all theories of L. While
L is the largest theory, Cn(()) is the smallest. A subset X of L is consistent
(modulo Cn) if and only if for no formula A do we have (AA-A) € Cn(X).

A theory is complete if it sanctions a truth value for each sentence of L.

In many occasions we will consider L to be a classical propositional
language and denote with P the set of all its propositional letters. If P is

finite we will call L a finite propositional language.

When giving explicit constructions of functions we will often work with
models consisting of a universe set W and a valuation function [ | : L —
P(W). We take W as the set of all maximal consistent subsets of L, that
is, the set of all complete consistent extensions of L. The valuation function
[ ] is defined as usual, for any formulae A, w € [A] iff A € w. Given A € L
we denote by [A] the proposition for A, or the set of A-worlds, the set of
elements of W satisfying A. For the purposes of this work we consider the
terms maximal consistent subset of L, valuation on L and possible world,
interchangeable. This, of course, amounts to working with models that are
injective with respect to the interpretation function (no two distinct worlds
satisfy exactly the same formulae) and full (every consistent set of formulae
is satisfied by some world). If K is a theory, [K] denotes the set of possible
worlds including K. Given a set of possible worlds U, Th(U) is the associated
theory.

We will say that a subset X of W is L-nameable whenever there exists a
formula A in L such that X = [A]. When working with relations on W, we
will often refer to a property that [Lewis, 1973] called the limit assumption.
A preorder relation R on W satisfies the limit assumption if and only if for
any satisfiable formula A in L there exists a non-empty set of R-minimal
A-words. This requirement is in general weaker than the well foundedness
condition. The limit assumption just requires that L-nameable non empty
subsets of W have a set of minimal elements, as opposed to requiring so for

every subset of W.
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2.2 AGM Functions

A comprehensive introduction to the AGM theory can be obtained in [Gardenfors,
1988; Gérdenfors, 1992; Hansson, 1999].

Three are the operations advocated by the AGM model [Alchourrén et
al., 1985]: expansions, revisions and contractions. The first two deal with
“accommodating” a new formula into the current theory, while the third is a
“removing” operation. Expansion is the simplest form of theory change. It
is a simple addition function, where a new formula A, hopefully consistent
with a given theory K, is set theoretically added to K and this expanded
set is closed under logical consequence. The function + : IK x L — IK is
defined for every K € IK, for every A € L, as K + A = Cn(K U {A}). The
expansion function is characterized by the following postulates [Gardenfors,
1982].

(K4+1) K + A is a theory. (closure)

(K+2) A€ K+ A. (success)

(K+3) K C K + A. (inclusion)

(K+4) If A€ K then K + A = K. (vacuity)
(K+5) f KCH, K+ ACH + A. (monotony)

(K+6) For all theories K and all sentences A, K + A is the C-smallest
theory that satisfies (K+1)-(K+5). (minimality)

The AGM contraction and revision operations have a more subtle definition.
The contraction function — takes a theory K and a formula A and returns
the contracted theory, notated as K — A. Contractions are changes in a
theory that involve giving up some formulae without incorporating new ones.
When retracting a formula A from K, there may be other formulae in K that
entail A (or other formulae that jointly entail A without separately doing
s0). In order to keep K — A closed under logical consequence, it is necessary
to give up A and other formulae as well. The problem is to determine which

formulae should be given up and which should be retained. AGM developed
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postulates that fully characterize the contraction functions. The first six
postulates, (K-1)-(K-6), are called the basic postulates for contraction and
they characterize partial meet contraction functions. Postulates (K-7) and
(K-8) are called supplementary, and they impose additional conditions which
give rise to transitively relational contraction functions. These functions will
be our focus of attention. The names of partial meet functions originated in
the method for constructing the functions, that we shall review in the next

section.

(K-1) K — A is a theory. (closure)

(K-2) K — A C K. (inclusion)

(K-3) If A¢ K, then K — A= K. (vacuity)

(K-4) If not Cn(A) = Cn(0) then A ¢ K — A. (success)

(K-5) If A€ K, then K C (K — A) + A. (recovery)

(K-6) If Cn(A) = Cn(B) then K — A = K — B. (preservation)

(K-7) (K—A)Nn(K —B) C K — (AA B). (conjunctive overlap)

(K-8) If A ¢ K—(AAB), then K — (AANB) C K — A. (conjunctive
inclusion)

Notice that all the postulates refer to a single theory K and postulates (K-7)
and (K-8) constrain how the contraction operation deals with varying input
formulae. The conjunction of postulates (K-7) and (K-8) is equivalent to the
Ventilation property reported in [Alchourrén et al., 1985], which provides a

factoring on the contraction by a conjunction from a theory.

(Ventilation) Forall Aand B, K—(AAB)=K—-A,or K—(AAB) =
K—-—BorK—-(ANB)=K—-ANK — B.

The AGM revision function * takes a theory K and a formula A to a revised
theory K x A. The problem here is that the formula A should be added
under the requirement that the resulting theory be consistent (whenever A
is); hence, A can not just be set theoretically added to K. Revisions are

constrained by the following eight postulates [Alchourrén et al., 1985].
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(K*1) K x A is a theory. (closure)

(K*2) A€ K * A. (success)

(K*3) KxAC K+ A. (inclusion)

(K*4) If “A ¢ K then K + A C K x A. (vacuity)

(K*5) K x A= Cn(L) only if Cn(—=A) = Cn(()). (consistency)
(K*6) If Cn(A) = Cn(B) then K x A = K x B. (preservation)
(K*7) K (AAB)C (K *A)+ B. (superexpansion)

(K*8) If -B ¢ K * A then (K x A)+ B C K % (A A B). (subexpansion)

As for contractions, the first six are called the basic postulates for revision,
and they characterize partial meet revision functions. Postulates (K*7) and
(K*8) are supplementary and they give rise to transitively relational partial
meet revision functions.

A nice feature about revisions and contractions is that they are interde-
finable. By the Lewvi identity revisions can be defined in terms of contractions
and expansions. This identity defines revisions as first pruning away all po-

tential inconsistencies, and then adding the new formula.
(Levi-id) Kx A= (K —-A)+ A.

The counterpart of the Levi identity is the Harper identity, which provides
a definition of contractions in terms of revisions. The formulae in K — A is

captured as what K and K * =A have in common.
(Harper-id) K —A=KnN (K x-A).

It is not hard to verify that the two identities commute. Given the interde-
finability of revisions and contractions, throughout this thesis we will present
change functions in either the contraction or revision version, indistinctly.
A crucial remark about the AGM postulates for contraction and revision
is that they constrain the behaviour of the functions with respect to all kinds
of input sentences but do not deal with varying theories (see [Rott, 1999] and
[Areces and Becher, 1999]). That is, the postulates indicate nothing about
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the behaviour of the functions when applied to different theories K € IK.
In particular we observe that, in general, * and — are not monotone, in the
sense that if one theory is included in another, the revision of the first is not

necessarily included in the revision of the second:

(Monotony *): If K1 C Kj then Kj x A C Ko * A.

Observation 2.1 (follows from [Alchourrén et al., 1985]). If * is a
revision operation satisfying postulates (K*1),(K*4) and (K*5), in a lan-
guage admitting at least two mutually independent formulae A, B (neither
A € Cn(B) nor B € Cn(A)), then monotony fails for *.

Proof. Let K = Cn(A, B), Hy = Cn(A), Hy = Cn(B). Assume monotony.

As H; C K for i € {1,2}, by monotony, H; x ~(AA B) C K « (A A B)
and Hy «+ 7(AAB) C K «—(AA B).

By independence, H; = Cn(A) is consistent with =(A A B), so by (K*4)
Hy*—(AAB)=Cn(H U{~(AAB)}) =Cn(AA-B).

Likewise, Hy* 7(AA B) = Cn(H2U{—=(AAB)}) = Cn(B A—A). Hence,
both (A A —B) and (B A —A) are included in K * (A A B).

Therefore, by (K*1) K % =(A A B) is inconsistent. By postulate (K*5),
—(A A B) is then inconsistent, contradicting the independence of A and
B. O

2.3 Constructions of AGM functions

In the words of [Alchourrén and Makinson, 1982, the postulates charac-
terize the change operations by formulating conditions of a more or less
inclusional or equational nature. They allow for clear intuitions about the
processes under study and the web of interrelations between them. But
another approach to defining the functions is to seek for explicit construc-
tions. These provide some kind of foundation for justifying the intuitions.
Originally the work on contraction functions and their associated revision
functions in terms of explicit constructions was given by [Alchourrén and
Makinson, 1982]. The representation theorem linking the explicit functions
with the postulates was given in the celebrated joint paper by the three
authors, Alchourrén, Gardenfors and Makinson [1985].
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2.3.1 Partial Meet Functions

Let K be a theory and A a language formula. The process of eliminating
A from the theory is not uniquely defined unless additional specifications
are given. In general there are many subsets of a set that do not imply
a given formula, and indeed many maximal such subsets. Alchourrén and
Makinson [1982] base the construction of a contraction function for theory
K and sentence A on the set of maximal subsets of K that fail to imply A.
They define K 1 A as the set of all these maximal subsets.

Definition 2.2 (Set of maximal non implying sets). K 1| A= {K' C
K|A ¢ Cn(K') and K" is C -maximal with this property}.

By the compactness of Cn it follows that K L A is not empty unless Cn(A) =
Cn(0); in addition, the elements of K 1 A are theories.

Alchourrén and Makinson give two natural ways to to define contraction
functions: by intersection and by choice. The full meet contraction is defined
by putting K — A as what is common to all the elements of K | A, when
K 1 A is non-empty, and to be K itself otherwise.

Definition 2.3 (Full meet contraction).

K_A:{ NK LA), K LA+D.

K, otherwise .

Alchourrén and Makinson observed that the result of a full meet function is
in general too small. In particular when K is a theory with A € K the full
meet contraction of K by A yields just what K and the consequences of —A

have in common.

Observation 2.4. If — is a full meet contraction then for every A € K,
K — A= KnCn(—4)

By the Levi identity the full meet revision is defined as K x* A = (K —
-A) + A. Using the above observation, if -4 € K, K x A =Cn((K N
Cn(——A4)) U{A}) =Cn(A). That is, when K is a theory with -A € K the
full meet revision of K by A yields just the consequences of A. AGM explain
that the full meet operation is very useful as a point of reference, as it serves

as a natural lower bound of any reasonable change function.
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In contrast to full meet functions, Alchourrén and Makinson define a
mazxichoice contraction function by putting K — A equal to a single element
in K | A, whenever K 1 A is non empty, and K — A = K, otherwise. To
come up with the single element of K | A they require a selection function
that makes the choice (actually, in [Alchourrén and Makinson, 1982] this
function is referred as a choice contraction that they rename as maxichoice
in the AGM joint paper [Alchourrén et al., 1985]).

Definition 2.5 (Maxichoice contraction). Let s¥ : L — P(K) be a

selection function returning a single element of K | A.

K .
K_A:{s(KLAL if K LA

K, otherwise.

And the mazichoice revision is defined as

Cn(s®(K L -A)U{A}), if K L -A#0.

Cn(K U{A}), otherwise.

Alchourrén and Makinson observed that maxichoice functions have some
rather disconcerting properties. In particular the maxichoice revision has the
property that for every theory K, whether complete or not, the maxichoice
revision of K by A will be complete whenever A is a proposition inconsistent
with K. So, in general , the result of a maxichoice revision is a set that is too
large. Motivated by looking at some formal operations that yield smaller sets
as values, Alchourrén, Girdenfors and Makinson [1985] propose partial meet
functions, which yield the intersection of some nonempty family of maximal
subsets of the theory that fail to imply the formula being eliminated.

They assume there is a selection function s which returns a nonempty
subset of a given nonempty set K | A. Let K be a theory, we note as
s¥: L — P(P(K)) \ {0}, a selection function for K 1 A, for A € L. The
AGM partial meet contraction function — is then defined, for a theory K,

as follows.

Definition 2.6 (Partial meet contraction).

K_A:{ﬂﬁwm K LALD

K, otherwise .
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Under this definition the contraction function — is formally characterized
by the basic AGM postulates (K-1) to (K-6).

Observation 2.7 ([Alchourrén et al., 1985], Observation 2.5). Let —
be defined for theories K and sentences A. For every theory K, — is a partial
meet contraction operation over K iff — satisfies postulates (K-1)-(K-6) for

contraction over K.

For — to be characterized by the extended set of postulates, (K-1) to
(K-8), it suffices that s* be transitively relational, i.e. for each A € L the
selection function returns the smallest elements according to some transitive
relation defined over K 1 A.

Observation 2.8 ([Alchourrén et al., 1985], Corollary 4.5.). Let K
be a theory and - a partial meet contraction function over K determined

by a selection function s. Then — is transitively relational over K iff —
satisfies both (K-7) and (K-8).

Explicit constructions of (transitively relational) partial meet revisions are
definable via the Levi identity, so the representation results apply for revi-

sions as well.

The AGM theory enjoys three other presentations over quite different
formal structures. We will briefly present them here to be revisited in the
chapters to follow. We will first concentrate on Alchourrén and Makinson’s
[1985] safe contraction function, where they start from a hierarchical order-
ing over the formulae in the theory under change. The connection between
safe contractions and transitively partial meet contractions was studied by
[Alchourrén and Makinson, 1986] in the finite case, and extended by [Rott,
1992a] for the general case. In addition, safe contraction functions were later
generalized by [Hansson, 1994] under the name of incision functions.

Then we will focus on epistemic entrenchment orderings, originally de-
fined by [Gérdenfors, 1984]. The representation theorem linking the change
functions based on epistemic entrenchment relations and partial meet func-
tions was proved in [Makinson and Gérdenfors, 1988].

Next we will concentrate on the systems of spheres proposed by [Grove,

1988] which provide a kind of possible worlds semantics for AGM functions.
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Grove’s structures are similar to the well known constructions of [Lewis,
1973] for counterfactual conditional semantics. Grove’s representation result
allowed later for the connection established by [Boutilier, 1992a] between

AGM functions and modal conditional logics that we will study in Chapter 7.

2.3.2 Safe Contraction Functions

Alchourrén and Makinson [1985] construct a contraction function based on a
hierarchical ordering in the language. They based the idea on their previous
work on hierarchies of regulations and their logic [Alchourrén and Makinson,
1981].

Let K be a theory, <, a non-circular relation over K and A a formula
in L we wish to eliminate from K. An element is safe with respect to A
(modulo <,; and given some background Cn) iff it is not a minimal element
under <, of any minimal subset (under set inclusion) H C K such that
A € Cn(H). The safe contraction of K by A is the set of safe elements of
K with respect to A. Let’s study some details.

A binary relation <, over a set K is a hierarchy if it is acyclic: for any
set of elements A;,..., A4, € K,n > 1, it is not the case that A; <, Az <y
LA, <G Aj

A relation <, over K continues up Cn if for every Ay, Ay, Az € K, if
A1 <4 Ay and A3 € Cn(Az) then Ay < As.

A relation < over K continues down Cn if for every Ay, Ag, A3 € K, if
Az € Cn(A;) and A < A3 then A; < As.

A relation <, over K is wvirtually connected if for every A;, As, A3 € K
it A; < Ay then either A; <; Az or Az <, As.

Let <, be a virtually connected hierarchy over a theory K that continues
up and down Cn, and let A be a sentence in L. When working with theories,

the safe contraction function —; is defined as:
Definition 2.9 (Safe contraction).

K—-;A=Cn({B|] VK'CK, st. A€ Cn(K’) and K’ is C -minimal with
this property, B ¢ K’ or there is C € K’ s.t. C <, B}).

The elements of K —, A are called the safe elements of K with respect to

A since they can not be “blamed” for implying A. An element is safe for A
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if it does not belong to any of the C-minimal subsets of K that imply A, or
else it is not < ~minimal in the hierarchy in such subsets.

Alchourrén and Makinson [1985] show that every safe contraction over
a theory K is a partial meet contraction function over K. They also prove
the converse result for finite theories (in the sense that the consequence
operation Cn partitions the elements of K into a finite number of equiva-
lence classes). The general case (finite and infinite theories) was proved by
[Rott, 1992a). The following representation theorem links safe contractions

contractions and partial meet functions.

Observation 2.10 ([Alchourrén and Makinson, 1986; Rott, 1992a]).
Every contraction function — over K satisfying the (K-1)-(K-8) can be rep-
resented as a safe contraction function —; generated by a hierarchy <,; that

is virtually connected and continues up and down Cn.

2.3.3 Epistemic Entrenchments

An epistemic entrenchment for a theory K is a total relation among the
formulae in the language reflecting their degree of relevance in K and their
usefulness when performing inference. The associated interpretation is that
the epistemic entrenchment of a sentence is tied to its overall informa-
tional value within the theory. For example, lawlike sentences generally
have greater epistemic entrenchment than accidental generalizations. When
forming contractions, the formulae that are retracted are those with the
lowest epistemic entrenchment. Tautologies are the most entrenched, hence
they are never given up. The following five conditions are required for
an epistemic entrenchment relation <,, for a theory K [Gérdenfors, 1984;
Makinson and Gérdenfors, 1988]:

(EE1) If A<, Band B<, D then A<, D.

(EE2) If B € Cn(A) then A <, B.

(EE3) A<.(AAB)or B<, (AAB).

(EE4) If theory K is consistent then A ¢ K iff A <, B for every B.

(EE5) If B <., A for every B then A € Cn(0).
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For any given relation <. for a consistent theory K, the formulae in K

are ranked in <., while all the formulae outside K have the <,-minimal

epistemic value. That is, by (EE4) for a consistent theory K, all the formulae
outside K are zeroed in <,,. However, (EE4) is vacuous for the contradictory
theory L. (EE1)-(EE3) imply total connectivity, namely, either A <., B or
B <,. A (the epistemic entrenchment ordering will cover all the sentences).
The AGM contraction function —, based on an epistemic entrenchment

relation <, for K, is defined as follows.

Definition 2.11 (Epistemic entrenchment contraction). For every for-

mula A in L,
K—-,A={BeK|AeCn()or A<, (AVB)},
where <, is the strict relation obtained from <,,.

The representation result shows that a revision function can be constructed

by means of an epistemic entrenchment ordering on the language.

Observation 2.12 ([Makinson and Gérdenfors, 1988]). A contrac-
tion function — for K satisfies (K-1)-(K-8) iff there exists an epistemic en-
trenchment relation for K satisfying (EE1)-(EE5) such that for all A € L,
K—-A=K-_A.

2.3.4 Systems of Spheres

Among the alternative presentations of the AGM theory [Grove, 1988] pro-
vides a model theoretical construction for the AGM formalism as systems
of spheres defined over maximal consistent sets of L. Let’s take W as the
set of all maximal consistent subsets of L, that is, the set of all complete
consistent extensions of L. W is taken to be the set of all possible worlds.
As indicated in section 2.1, a valuation function [ ]: L — P(W) is defined
as usual, for any formulae A, w € [A] iff A € w. Given A € L, [A] denotes
the set of set of elements of W satisfying A. Thus, in a system of spheres
no two distinct worlds satisfy exactly the same formulae (the interpretation
function is injective) and every consistent set of formulae is satisfied by some
world. If K is a theory, [K] denotes the set of possible worlds including K.
Given U a set of possible worlds, Th(U) is the associated theory.
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A system of spheres SX centered on a theory K is a subset of P(W)
containing W, totally ordered under set inclusion, such that [K] is the C-
minimal element of S¥. A system S¥ should validate the limit assumption,
in the sense that for every satisfiable formula A in the language there exists
a C-minimal sphere in S¥ (written as ¢®(A)) with non-empty intersection
with [A].

Definition 2.13 (System of spheres). A system of spheres SX centered

on theory K is a set of sets of possible worlds that verifies the properties:
(S1) If U,V € Sthen U CV or V C U. (totally ordered)

(S2) For every U € S, [K] CU. (minimum)

(S3) W e S. (maximum)

(S4) For every sentence A such that there is a sphere U in S with [A]NU #
(), there is a C-minimal sphere V in S such that [A]NV # (. (limit

assumption)

For any sentence A, if [A] has a non-empty intersection with some sphere
in S& then by (S4) there exists a minimal such sphere in S, say ¢ (A).
But, if [A] has an empty intersection with all spheres, then it must be the
empty set (since (S3) assures W is in S¥), in this case ¢/ is put to be just

W. Given a system of spheres SX and a formula A, ¢ is defined as:

the C -minimal sphere S" in S¥ s.t. S'N[A] # 0, otherwise.

A system SE determines a contraction function —,, for K in the sense that
for every formula A € L and every w € W, w € [K —,, A] iff w € (¢F(A) N
[A]) U [K].

Definition 2.14 (Sphere contraction). Let S¥ be a system of spheres

centered on K. For every formula A in L,
K —, A=Th((c"(A) N [A]) U [K])).

Grove proves the following representation result.
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Observation 2.15 ([Grove, 1988], Theorems 1,2). — is a revision func-
tion for K satisfying (K-1)-(K-8) iff there exists a system of spheres S&
centered on K such that for all formulae A€ L, K — A = K —, A.

The same approach can be used to model revision functions. If we define
K % A as the theory of (¢ (A)N[A]), by means of the Levi identity we obtain

the representation theorem for contraction.

Let’s turn now to a subclass of AGM functions, the subclass generated
by well founded systems of spheres. A system of spheres S is well founded
if C is a well founded relation on SX, that is for every subset of X C W
there exists C-minimal sphere in S¥ intersecting X. In contrast, general
systems of spheres establish the requirement only for nameable subsets of W
— actually we require nameability by a single formula rather than a set of
formulae —. Following [Peppas, 1993] we refer to revision functions definable
over a well founded system of spheres as well behaved revision functions.
All revision functions for theories over a finite propositional language are
well behaved. But it is well known that well founded systems of spheres do
not capture all AGM revision functions. This is perspicuously proved by
[Peppas, 1993] by exhibiting a first order theory K and a revision function
x for K such that no well founded system of spheres represents *. Peppas

characterizes well behaved revision functions the following postulate.

(K*WB) For every nonempty set X of consistent formulae of L there exists
a formula A € X such that A ¢ K x (A V B), for every B € X.

Peppas proves the following.

Observation 2.16 ([Peppas, 1993], Theorem 5.4.3). Let * be a revi-
sion function satisfying (K-1)-(K-8). Then * is well behaved iff it satisfies
(K*WB) for every theory K of L.

It is possible to recast a system of spheres centered in K as a total preorder
=< over W, having the elements of [K] as minimal elements, and satisfying
the limit assumption. Without loss of generality then a system of spheres
centered in K can be seen as a function from W to any totally ordered set D

with smallest element. This set can be taken to be IR, be the set of positive
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real numbers including 0, but not necessarily so. We define dg : W — D

that decorates with values of the nested spheres of a Grove system.

Observation 2.17. For every system of spheres S there is a function dg
on D such that

di(v) < d(w) iff (351, Sz € SK)(v € S1,w € Sy and S1 C Ss), and

di (v) = dg(w) iff (VS; € SE)(w € S; & v e S).

These functions provide a notion of distance from theories to worlds:
If dg(w) < dg(v) then w is closer than v or “more consistent” with the
current theory K. And this measure can be naturally extended to functions
over sets of worlds by requiring the value assigned to a set X to be the
smallest value assigned to the worlds in X. Special consideration is required
if X is empty. Let now SX be any system of spheres and dg any function
corresponding to it as in Observation 2.17 above. We first extend dx to any
subset of W as follows. Define dg : P(W) — D as:

min{dg(w) :we X} ,if X #0.

dg(X) =
() {0 Jif X =0,

In order to represent a system of spheres by a function dx we should impose
the limit assumption on dg. For every nameable subset X | dx(X) must
be defined. But if X is not nameable by a single formula then the set
{dg(w) : w € X} can be infinite, with infinite descending values where the
mininimum may be undefined.

The function dg induces a revision function * such that K % A is the
theory entailed by the set of A-worlds that are closest to K according to the

function dg. Then, if we take

K+ A=Th({w € [A] : dx(w) = dx([A])})

the revision operation so obtained coincides with the original * operation
whose semantic model was SX.

Well founded systems of spheres are free of infinite descending chains
of spheres. Consequently, for these systems the function dx can be defined
over the ordinals as opposed to be defined over an arbitrary not well founded

totally ordered set. For instance Spohn’s ordinal functions [Spohn, 1987]
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ki : W — O straightforwardly represent well founded systems of spheres

that are centered on a consistent theory.



Chapter 3

Binary Functions for Theory
Change

3.1 Change in Distinct Theories

The AGM model has as points of departure a theory to be modified, a
formula to be considered as new information, and change functions. The
framework is that of binary functions that when applied to a theory K and
a formula A return a new theory K’, that is x : IK x L — IK.

A crucial feature of AGM functions is that they can be defined as a
family of independent unary functions. That is, a transitively relational
partial meet revision function is a binary function * : I x L. — IK that can

K

be defined as the family of independent unary functions *"* | one per theory

K, such that

*={4K [ - K : K € IK and +¥ is a transitively

relational partial meet revision}

But this family can be arbitrary. The AGM postulates only aim to constrain
the behaviour of the indexed unary functions separately without trying to
correlate them with each other. Thus, we should not expect that the change
of one theory be significantly related to the change of another.

The problem of change in distinct theories is simply the problem of an

appropriate definition of a binary change function, or unary change functions

25
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that are jointly coherent. Clearly, we expect that not any binary function
will qualify as coherent. Only those constrained in a certain way ought to
be admissible theory change functions. The most general idea to express
conditions of coherence seems to be that the change function should be
structure preserving, in the sense that the values of the function stand in
some special relation whenever the arguments of the function stand in a
special relation.

Although AGM functions in general fail to provide the sought corre-
lation, not all AGM functions are alike in this respect. Expansions are
substantially different from general revisions and contractions. The defini-
tion of + : IK x L. — IK states that for every K € IK and for every A € L,
K + A = Cn(K U{A}). Expansion is really a function of two arguments,
identically defined for every theory and every formula just in terms of the
consequence relation. Expansion is monotone and this definitely counts as
a strong coherence property over the change in different theories.

The other exceptions are the AGM full meet functions. In contrast to
general partial meet functions, in the construction of full meet functions
the selection function disappears, yielding a function that depends solely on
the explicit arguments K and A. If % is a full meet, again we have a binary
function * : I x L. — IK. Moreover, the full meet revision function is defined
as K * A = Cn(A), whenever —A € K and K * A = K , otherwise. Like
expansions, full meet functions depend on no underlying structure, relative
order or selection function, and are applicable to every theory.

Alchourrén, Gérdenfors and Makinson have argued that full meet func-
tions suffer from too much loss of information and have taken them as a
demarcation of the limiting case. The question now is whether it is possible
to provide binary AGM functions which are more interesting than full meet
functions.

According to the representation results, an AGM function can be char-
acterized by some ordered structure. It can be an ordering over maximal
non-implying sets for partial meet functions, an ordering over formulae in
the language as in the epistemic entrenchment approach, or an ordering of
possible worlds as in systems of spheres. Therefore a binary AGM func-

tion can be characterized by a family of such ordered structures. From this
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representation perspective binary AGM functions will vary according to the
sophistication of their associated structure.

In the simplest case we have binary functions that depend on no order
at all, as expansion and the full meet functions [Alchourrén and Makinson,
1982]. A quite elaborate binary function outside the AGM framework, is
Katsuno and Mendelzon’s update [Katsuno and Mendelzon, 1992], which
will be the topic of Chapter 5. Based on a fixed set of orders of possible
worlds (one order relative to each possible world), the update function is
obtained as a fixed combination of such distinct orders. In Chapters 4
and 6 we will make our contribution defining two different formulations of
binary AGM functions, one based on the safe contraction of [Alchourrén

and Makinson, 1985], the other inspired in the update function.

3.2 Iterated Change

The motivation to consider successive change is indisputable. A change
operation takes a theory to a modified theory. But eventually there will be
another change after the one just considered that will induce yet another
theory. Hence we will have to update the already updated theory. This
problem has been dubbed the problem of iterated theory change.

A pertinent criticism of the AGM formalism is its lack of definition with
respect to iterated change ( see [Halpern and Friedman, 1996] and Rott
[1999; 1998]). The iteration of revisions, contractions and expansions sep-
arately is significant, and even more so the consideration of sequences of
different kinds of change. Although the AGM formalism does not forbid the
iteration of change functions, it omits any specification of how it should be
performed or what the properties of successive change are.

Consider any two formulae A, B, a particular theory K and any AGM
change function oy for K (for example o; may stand as a transitively re-
lational partial meet revision for K). In order to calculate the successive
changes of K, first by A and then by B, we need oy for K but also the
change function og relative to (K o1 A). The result of the successive change
is the theory (K o1 A) oy B. The application of a change function over a the-

ory that is the result of another change operation is referred as an iterated
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change.

Once we have understood that AGM change functions are really indexical
(relative to the theory to be changed), an obvious first attempt to deal
with iteration presents itself. If we possess beforehand the complete set of
unary change functions, one for each possible theory, we can freely perform
successive changes. But beware, if there are no coherence properties linking
the different change functions the result obtained can be unexpected and
the corresponding behaviour erratic. The whole point is then to investigate
ways to coordinate these different change functions.

In particular AGM expansions inherit their capacity of iteration di-
rectly from the consequence operation. For instance, for any theory K
and formulae A, B, we have (K + A) + B = Cn(Cn(K U {A}) U{B}) =
Cn(KU{A}U{B})= K + (A A B). For similar reasons, full meet functions
(revisions as well as contractions) also validate that, if ~A € K and A, B are
mutually consistent, then (Ko A)oB = Ko(AAB). The fact that full meet
functions can be iterated can be taken as an evidence for the compatibility
of the AGM theory with iterated change. However, as we already argued,
these are too specific binary AGM functions and the properties they satisfy

we do not want them to hold as properties of AGM functions in general.

3.2.1 The Property of Historic Memory

Clearly, all binary functions can be trivially iterated. Consider o to be a
generic binary function o : IK x L — IK. (K o A) o B is well defined because
K is a theory and A is a formula, which by a first application of o yield Ko A.
Since K o A is a theory, it can be put as argument of another application of
the same function, obtaining (K o A) o B.

Some advantages of binary functions as a scheme of iterated change are
evident: they are mathematically elegant and remain close to the AGM
model (each time the theory argument is fixed a standard AGM indexical
function is obtained). But, while formally attractive, binary functions make
a strong simplifying assumption. Each theory is modified in a predetermined
way independently of how we have obtained such a theory. A binary change

function is deterministic with respect to the theory to be modified, i.e. it
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satisfies:
(Functionality) If K = ((HoA;)...0A,). then KoA = ((HoAj)...0A,)0A,

But if K is really considered an argument of the function o, this is to be
expected. If f is a function, it is required that f(a) = f(b) whenever a = b.
This functional behaviour has been interpreted as a lack of historic memory.
[Lehmann, 1995] refers to this property as a “non postulate” for he considers
that interesting systems should not make this simplifying assumption. In
spite of the modesty of binary functions as operators for iterated change,
they vary in the subtlety of their associated behaviour. The two proposals
we present in this thesis, iterable revisions and analytic revisions (chapter 4
and 6, respectively), and Katsuno and Mendelzon’s update function (chap-
ter 5) are examples of functions that lack historic memory, since the three
of them are binary functions taking a theory and a formula to a modified
theory.

Proposals for iterated change that possess historic memory ought to
expand the AGM model in such a way that change functions return not only
the modified theory but also a modified version of the change function, or
equivalently, return enough information to construct a new change function.
Usually a method or algorithm to “construct” the new change function based
on the original theory, the input formula and the previous change function
is specified. This can be done in a qualitative way as in [Boutilier, 1996;
Nayak, 1994; Segerberg, 1997], or by enriching the model with numbers
[Spohn, 1987; Williams, 1994; Darwiche and Pearl, 1997]. Following the
nomenclature of [Rott, 1998] we englobe them under the name of iterative
functions.

Of course binary functions can be regarded as iterative —just consider
that they return the modified theory but the same change function—. But,
iterative functions are not really going back to a binary function and re-
turning the theory K to its original role of argument. The “construction”
method is truly more flexible than considering binary functions because it
can avoid the functional behaviour of the change operation.

Iterative functions are very rich, but they are usually complex. In these

frameworks, given a theory K and a formula A, the change function as-
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sociated with K o A is not uniquely determined and depends really on a
third argument: the change function for K. But, as insightfully discussed
by [Rott, 1999], this is a circular description.

There are two alternative formalizations of iterative functions that cir-

cumvent the circularity. One is to consider iterative functions as

o:(K,oi) x L — (IK,oK)

The function circ operates on a complex structure: a theory together with
the AGM function relative to such theory. Depending on the chosen rep-
resentation, each change function relative to a given theory boils down to
some ordering relation (over subsets, over formulae, or over possible worlds).
The AGM idealization has been altered so that these iterative functions are
binary functions whose first argument is quite complex. They return also a
complex structure encoding the resulting theory and enough information as

to define a standard AGM function for it.

The other alternative formalization for iterative functions is presented
by [Rott, 1999]. He defines iterative functions as unary functions that take
a sequence of logical formulae and return a plain theory. An iterative change

function

o: ¥ - IK

assigns for each sequence of input formulae the theory resulting after all the
successive changes indicated in the sequence. Rott explains that these unary
functions are relative to a state, a complex structure consisting of a theory
together with its “changing criteria”. Like in the previous formalization a
state can be regarded as a theory together with the standard AGM change

function relative to such a theory.

Although the two formalizations of iterative functions are quite different,
it is possible to express any of the “constructive” methods in either one. We
regard Rott’s formalization as more elegant and closer in spirit to the AGM

framework.
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3.3 Some Properties

In this section we will review many properties that have been presented in
the literature, that constrain in greater or lesser degree the joint behaviour
the change operation when applied over different theories. In appendix A
we exhibit in tabular form the properties of binary functions, reporting
satisfaction by the different functions.

We will first examine a property that was originally studied in [Al-
chourrén and Makinson, 1982] as an intuitive property for change functions.
By means of the Levi identity we know that AGM revisions can be defined

from contractions.
Levi. KxA= (K —-A)+ A.

Alchourrén and Makinson [1982] wondered under which conditions an AGM

revision function could validate the following intuitive condition.
(Permutability) (K —-A)+ A= (K+ A)—-A.

In particular, full meet revisions functions are permutable, but the question
under which conditions an AGM function is permutable was left open in

[Alchourrén and Makinson, 1982].
Observation 3.1. Full meet revisions are permutable.

Proof. If =A € K (K — —A) + A = Cn((K N Cn(A)) U {4}) = Cn(A).
(K+A)—=A=L——=A=LnNCn(A) = Cn(A). O

Interestingly, [Hansson, 1999] proposes reversing the Levi identity as an
alternative and plausible way to define revision, when change functions are
applied to sets of formulae that are not closed under logical consequence
(bases).

R-Levi. KxA=(K+ A)—-A.

Thus, permutable revisions are equivalently defined by the Levi and the

R-Levi identity.



32 CHAPTER 3. BINARY FUNCTIONS FOR THEORY CHANGE

3.3.1 Properties of Binary Functions

Consider now o to be a generic binary revision function o : IK x L — K. Let’s
first consider Monotony, which is indeed a postulate of the AGM expansion

function.
(Monotony) If K1 C Ky then K; 0 A C Kyo0 A.

For an arbitrary change function, it is strong property that it may not always
be desirable. For instance, as we have already shown in Observation 2.1
general AGM partial meet functions do not validate it, because monotony

clashes with the preservation property. However, full meet revisions satisfy:

(Weak Monotony) If -A € K; and K7 C K5 then K10 A C Koo A.
Expansions and full meet revisions satisfy:

(Almost Constant) If -A € Ky, Ko then Kj 0 A= Kso A.

Observation 3.2.
i) Expansions satisfy Weak Monotony are Almost Constant.

ii) Full meet revisions satisfy Weak Monotony and are Almost Constant.

Proof. Suppose =A € K1, Ks and K1 C K».
i). Then Cn(K; U{A}) =L = Cn(KyU{A}).

Clearly Monotony implies Weak Monotony and Almost Constant also im-
plies Weak Monotony.

In the context of their safe contraction functions [Alchourrén and Makin-
son, 1985] have considered properties of the intersection and union of theo-

ries.

(Weak Intersection) If -A € (K; N Ky) then (K; N Ky)o A =
(K1 o A) N (KQ o A)

(Weak Union) If -A € KiNK>, then (K1UK2)OA = (KloA)U(KQOA).

These properties truly relate the change of arbitrary theories. Quite trivially

it can be proved that expansions and AGM full meet functions validate the
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two. In addition, they also validate the following D-Ventilation condition
that is dual to the Ventilation condition of [Alchourrén et al., 1985]. AGM
provided the Ventilation as a factoring condition on the contraction by a
conjunction from a theory; they proved it to be equivalent to postulates
(K-7) and (K-8).

(D-Ventilation) (KiNKz)oA e {(K10A)N(Ky0A),K10A, Ky0A}.

Observation 3.3. Expansions and full meet revisions validate Weak Inter-

section, Weak Union and D-Ventilation.

Proof. We prove it for expansions; the other is similar. Assume —A € K1 N
Ks. So ~A € K1, Ko.

D-Ventilation and Weak Intersection. (K1NKj3)+A = Cn(K1NK2)U{A})
=L=K +A=K,+ A

Weak Union. (K1 UKs)+A=L=K;+A=K,+ A. O

However, full meet functions do not in general validate the following two

properties, that expansions do:
(Intersection) (K1NKj)oA=(Kj0A)N (K20 A).
(Union) (K1UK2)OA: (KloA)U(KQOA)
Observation 3.4.
i). Expansions validate Intersection and Union.
ii). Full meet revisions fail Intersection and Union.
Proof. 1) is trivial.

ii) Suppose —A € K; but A € Ky # Cn(A).
Intersection. K7 * A = Cn(A) and Ko x A = Ko. (K1 NK2)x A=Ky
(Kl * A) N (K2 * A) = CH(A) = K1 * A.

Union. Suppose K1 = Cn(A D B), K3 = Cn(A D —B) and A, B two
logically indenpendent formulae. Then, A € K3 U Ka. (K3 U K3) % A =
Cn(A), but k1A = Cn(A A B) while K24 = Cn(A A —B). O
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Expansions validate the following property:
(Elimination) (Ko A)oB =Ko (AAB).

And, for expansions Elimination implies:
(Commutativity) (Ko A)oB = (K oB)o A.

However, full meet revisions just satisfy the weaker counterparts.
(Weak Elimination) If -B ¢ Cn(A), (Ko A)oB =K o (AN B).

(Weak Commutativity) If -B ¢ Cn(A), (KoA)oB = (KoB)oA.

Observation 3.5.
i) Expansions validate Elimination and Commutativity.
ii) Full meet revisions fail Elimination and Commutativity.

iii) Full meet revisions satisfy Weak Commutativity and Weak Elimination.

Proof. Immediate from the definitions of expansion and full meet revision.
O

The interest of the Elimination property is that it provides a way to reduce
the iteration of functions to a plain single application of a change function.
[Areces and Rott, 1999] have recently devised iterative functions based on
the principle of Elimination, where the change of a theory by a sequence
of formulae is recast to a standard AGM operation by a formula obtained
from the sequence itself. In Rott and Areces’ framework Commutativity
does not follow from Elimination. Their novel function is a binary function
o: IK x L* — IK, having as first argument the theory to be revised and
the second argument is a finite sequence of formulae, the initial segment of
the history so far. The revision of the original K by a sequence of formulae
[A1,...,A,] yields a theory K o[A1,..., A,]. This is obtained by applying a
standard AGM revision function to the theory K, but the formula to revise
it by is obtained as a boolean combination of the formulae in the input
sequence; various algorithms are proposed to calculate such a formula. It
is interesting that Rott and Areces’ function may possess historic memory
even though it is based on a standard AGM revision function relative to the

original theory.
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3.3.2 Properties of Iterated Change

We will now inspect some properties of iterated change arising from different
proposals. Let’s assume now that o is a generic iterative function. As we
have argued above, trivially, binary functions with domain IK x L give rise
to iterative functions; henceforth, some of the properties we will discuss are
candidate properties for binary functions.

The following two conditions have been reported by [Schlechta et al.,
1996) as plausible properties for iterated change. For any pair of theories
K, K5 and sentences A, B, C, D,

(Or-Right) If D € (KoA)oC and D € (Ko B)oC then D €
(Ko(AVB))oC.

(Or-Left) If D e (Ko(AVB))oCthen D € (KoA)oC or D €
(KoB)oC.

For Or-Right, suppose that after successive changes that differ only at step ¢
(step i being A in one case and B in the other), one concludes that D holds.
Then, one should also conclude D after identical successive changes when
step i is replaced by the disjunction AV B. We expect D to hold because
knowing which of A or B is true at step ¢ can not be crucial. The case for
Or-Left is similar. If one concludes D from the change by a disjunction, one

should conclude it from at least one of the disjuncts.

Observation 3.6. Expansion and full meet revision validate Or-Left and
Or-Right.

Proof. We prove Or-Right for full meet revision.

Assume D € (K+A)+«C and D € (K xB)+C. Without loss of generality
we consider 4 cases:

1) If D € Cn(C), in which case we automatically have D € (K x (A V
B))xC.

2)If D € Cn(Cn(A)U{C}) and by the second hypothesis D € Cn(Cn(B)U
{C}), then by the rule of introduction of disjunction into the premisses,
D € Cn(Cn(AV B)U{C}). Thus, D € (K« (AV B)) xC.

3) If D € Cn(Cn(A)U{C}) and by the second hypothesis D € Cn(K U
{B} U {C}). Again, by the rule of introduction of disjunction into the
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premisess, D € Cn(K U{AV B}U{C}), hence, D € (K % (AV B))*C.
H)IfDeCn(KU{A}U{C}) and D € Cn(K U{B}U{C}), by the rule
of introduction of disjunction into the premisess, Cn(C) U (Cn(K U {A}) N
Cn(K U{B}))= Cn(C) U (Cn(K U{AV B})). Therefore, D € (K % (AV
B))*C. O

Lehmann in [Lehmann, 1995] argues that certain structures that he calls
widening ranked orders are suitable for iterated change and proposes seven
postulates that fully characterize revision functions based on these struc-

tures. In our notation they are:

(I1) K o A is a consistent theory.

(I2) Ae Ko A.

(I3) f Be Ko A, then AD Be K.

(I4) f Aec K then KoBjo...oB,=KoAoBjo...oB, forn>1.
(I5) If A€ Cn(B), then Ko AoBoBjo...oB,=KoBoBjo...oB,.
(I6) If -B & Ko A then KoAoBoBjo...0oB, = KoAo(AAB)oBjo...0B,.
(I7) Ko—-BoB CCn(KUB).

Postulates 11-14 are a direct transcription of AGM’s. 15 states that certain
steps in a sequence of changes are negligible. The sequence containing a
formula immediately followed by a logically stronger formula produces the
same result as the counterpart sequence that lacks the logically weaker for-
mula. Intuitively it says that if immediately after learning some information
we obtain more specific information, the first learning is inconsequential. We
consider that this condition is controversial, or without enough grounds to
be a generally valid principle. Postulate 16 also asserts that under certain
circumstances two sequences give the same result; in particular, when new
information is consistent with the theory obtained so far. In this case the
formulae at steps ¢ and ¢ — 1 can be replaced by the the single formula that
is conjunction of the two. 17 implies dependency between two revision steps
and consequently enforces (at least to some extent) the property of historic

memory, which in general binary functions lack.
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Observation 3.7. Expansions and full meet revisions validate 11-16 and
fail I7.

Darwiche and Pearl [1997] have proposed a number of properties for iterated

change. In our notation:

(C1) If A€ Cn(B) then (Ko A)oB=KoB.

(C2) If mA € Cn(B) then (Ko A)oB=KoB.

(C3) f Ac KoBthen A€ (KoA)oB.

(C4) If ~A¢ Ko B then “A¢ (Ko A)oB.

(C5) f -Be KoAand A¢ KoB then A¢ (Ko A)oB.

(C6) If - Be KoAand ~A € KoBthen ~Ae€ (KoA)oB.

While C1-C4 have been proposed as desirable properties of iterated revisions,
C5 and C6 have been considered too demanding. Condition C1 amounts to
Lehmann’s I5 and condition C2 has been proved inconsistent with the AGM
postulates (K*7) and (K*8) for binary change functions [Lehmann, 1995].

Observation 3.8. Expansions and full meet revisions validate C1,C3-C6,

but in general fail C2.

Proof. We just show the counterexample for C2. Suppose —A € Cn(B) and
K = Cn(—A). Since K+ A =L, then K+ A+ B=L. But, K+ B =
Ca({~A} U{B)) # L.

To prove that the full meet revision fails C2 again assume —A € Cn(B).
Suppose K = Cn(C). Then, K * A = Cn(K U{A})=Cn(CAA) and K * A x
B = Cn(B); but K * B =Cn(K U{B})=Cn({C A B}). O

Consider now o : (IK,ox) x L — (IK, o), where each ox validate (K*1)-
(K*8). We will present four iterative functions by giving their characteristic
postulates in an abused notation that misses the subscripts of the change
functions og.

The first one, called a trivial revision, is characterized by condition (T),
which is a kind of Elimination property, but now applied to an iterative

scheme.
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(T) KoAoB=KoB.

It reduces the revision by a sequence just to the revision by the last sentence.
It is quite obvious that this scheme not only lacks historic memory but is
actually a fake scheme of iterated change. In addition it conflicts with the
AGM postulate (K*4), which requires that if -B ¢ Ko A then (KoA)oB =
(K o A) + B. Postulates (T) and (K*4) would require that for all A, B € L
such that -B ¢ K o A, (K o A) + B = K o B, which is not generally valid.
We will refer back to the trivial revision in Chapter 7.

For the next three postulates for iterated change we follow the presen-
tation of [Rott, 1998]. We start with a conservative revision. It has been
firstly proposed as a possible worlds construction by [Boutilier, 1996] under
the name of “natural revision”. Darwiche and Pearl have supplied the miss-
ing completeness theorem for Boutilier’s operation ([Darwiche and Pearl,

1997], Theorem 11), providing the following postulate.
(C) If-Be KoA, then KoAoB=KoB.

And, when B is consistent with K o A, Ko AoB =Cn((K o A)U{B}). [Rott,
1998] has defined the same function as an epistemic entrenchment construc-
tion and proved the corresponding representation theorem. Boutilier in
[1992¢; 1993] has considered sequences of “natural revisions” and has an-
alyzed different reductions that can be performed in calculating the final
result. [Rott, 1998] expresses the disadvantages of conservative schemes
saying that “ they privilege new information at the highest priority possi-
ble, but it is given up all too readily when more information comes in. They
provide no consistent attitude toward novelty. The most recent informa-
tion is always embraced without reservation, but the last but one piece of
information, however, is treated with utter disrespect.”

The next iterative function is the irrevocable revision of [Segerberg, 1997].
Its characteristic postulate is precisely the Elimination property of the pre-

vious section.
(I) KoAoB=Ko(AAB)

Irrevocable functions depend on a single AGM function relative to the orig-

inal theory K. The postulate induces an irrevocable scheme because the
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sequence of revisions by contradictory formulae results in the inconsistent
theory, and it is impossible to overcome the inconsistency by applying fur-
ther revisions. So, in order to avoid an inconsistent result the conjunction
of the formulae to revise by in successive revisions has to be logically con-
sistent. [Fermé, 1999] has given the characterization result of irrevocable
revisions in terms of epistemic entrenchment in a form that is close to the
constructions reported in [Rott, 1991].

And there are moderate revisions, as a compromise between the con-
servative and the irrevocable. They were proposed by [Nayak, 1994] as an

epistemic entrenchment construction. Its characteristic postulate is:

(M)
KoB , if =B € Cn(A)

KoAoB=
Ko (ANAB) , otherwise.

Moderate functions always give priority to the new incoming information
and, unless the new formula is logically inconsistent with the previous, the
resulting theory should accommodate all the formulae in the sequence of
revisions. Among the models that account for historic memory Nayak’s
seems to be the best model one can get.

Finally we shall mention that the work of [Segerberg, 1995] and [Cantwell,

1997] on hypertheories promises a new perspective on iterative functions.
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Chapter 4

Iterable AGM Functions

The aim of this chapter is to define iterable AGM functions, binary functions
that satisfy all AGM postulates, but are close to being a constant function.
The name “iterable” was first coined when we realized that these functions
are a definitionally simple scheme for iterated change. Far too simple, as
we shall see. As pointed out by D. Makinson (personal communication),
this name is somewhat unfortunate because it refers to a possible use of

1 We provide extended

the construction, not to its intrinsic structure.
definitions for each of the five AGM presentations, safe hierarchies, meet
functions, systems of spheres, epistemic entrenchments and postulates and
prove their equivalence.

The basic idea dates back to Alchourrén and Makinson’s work on safe
contractions [Alchourrén and Makinson, 1985]. Interestingly, in their paper
they study some properties of the safe contraction function with respect
to the intersection and union of theories, and also properties of “multiple

contractions.” They say [Alchourrén and Makinson, 1985, p. 419:

“ ..we shall turn to questions that arise when K (the set of
propositions) is allowed to vary. [...] But in the case of safe
contraction the way of dealing with variations of K is quite
straightforward. As we are working with a relation < over K

the natural relation to consider over a subset K’ of K is simply

'He suggested “downsized AGM functions” as a better name. To keep consistency with

the literature we decided to keep the name iterable.

41
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the restriction < N (A’ x A’) of < to A".”

They obtain a general result relating K’ — A to K — A, when K’ C K.
As a special case they apply it to (K — B) — C, since K — B C K always
holds. Although not explicit in their article, a particular case of Alchourrén
and Makinson’s proposal is to start with a hierarchical order over all the
formulae of the language. The simple restriction of the hierarchy over L to
the elements of any theory K provides for a hierarchy over such a theory,
hence, an appropriate relation for the definition of a safe contraction function
for K. This setting yields a binary contraction function based on a unique
fixed order of all the formulae, the safe hierarchy.

Reusing the same fixed order makes sense, for example as pointed out
by I. Levi (indirect personal communication), when involved in tentative
reasoning: a fixed set of facts and laws which are known beforehand con-
stitute the background knowledge from which a sequence of consistent, but
tentative, inference steps are performed to reach a conclusion. We will come

back to this idea in Section 4.1.5.

The next sections are devoted to the definition of iterable AGM functions
in each of the classical presentations, following the ideas we just explained
for safe contractions. Notice that since contraction and revision are inter-
definable in the AGM framework via the Levi and Harper identities, the
task of providing iterable change functions can be reduced to defining just

one of them (see Section 4.3 for further details).

4.1 The Five Presentations

4.1.1 Extended Safe Contraction Functions

Let’s recall the definitions. A relation <, over a set K is a hierarchy if it
is acyclic: for any set of elements Ay,..., A, € K,n > 1, it is not the case
that A; <, Ao <y ...A, <, Ai1. A relation <, over K continues up Cn if
for every Aj, A2, Az € K, if Ay <, Ay and A3 € Cn(Ag) then 4; < As.
A relation < over K is wirtually connected if for every Aj, Az, A3 € K
if Ay <; Ag then either A <, Az or A3 <, Az. Let < be a virtually

connected hierarchy over a theory K that continues up Cn, and let A be
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a sentence. The safe contraction function over K, now notated as a unary

function relative to K, =% : L — IK is defined as:

—K(A)=Cn({B|] VK'CK, st. A€ Cn(K’) and K" is C-minimal with
this property, B ¢ K’ or there is C € K' s.t. C < B}).

The formulae B of —%(A) are called the safe elements of K with respect to
A since they can not be “blamed” for implying A. An element is safe for A
if it does not belong to any of the C-minimal subsets of K that imply A, or
else it is not <,minimal in the hierarchy in such subsets.

Following Alchourrén and Makinson’s idea of restricting the hierarchi-
cal order, we can define the iterable safe contraction function based on a

hierarchy over all the sentences of L.

Definition 4.1. (Derived Order) Let <, be a hierarchy over the language
L. Then for any theory K the derived hierarchy <% is defined as </} = <4|K
(where R|X is the restriction of R to the elements in X).

Observation 4.2. Let <, be a virtually connected hierarchy that continues
up Cn in L, then for any theory K the relation <7 is a virtually connected

hierarchy and continues up Cn in K.

Proof. Trivial. The properties of being acyclic, virtually connected and

continuing up Cn are preserved under taking restrictions to theories. O

Once this result is obtained, to define an iterable safe contraction is

straightforward. We define the binary function —;: IK x L — IK.

Definition 4.3. (Iterable Safe Contraction) Let <, be a virtually con-
nected hierarchy that continues up Cn in L. The iterable AGM contraction
—g K x L — IK is defined as

K—-;A=Cn({B| VK'CK, st. A€ Cn(K') and K’ is C-minimal with
this property, B ¢ K’ or there is C' € K' s.t. C <’ B})

where <[ is the derived safe hierarchy for K.
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That —,; satisfies the AGM postulates (K-1) to (K-8) follows from Al-
chourrén and Makinson’s original results stating that every safe contraction
function generated by a virtually connected hierarchy that continues up Cn
over a theory K is a transitively relational partial meet contraction function.

As a side remark, notice that definitions 4.1 and 4.3 can be merged in
a unique definition and —; defined then directly over <,; instead of over
<}~ This is just a matter of notation, as in both cases —; is really a binary
function as required. This remark applies as well to the definitions of iterable
functions in the remaining presentations.

In the definitions above we started from a hierarchy <, for L and defined
its restriction <J. A relevant question is whether the converse can also be
achieved. Given a hierarchy for K can a hierarchy for L be defined such

that the iterable function agrees with —* when applied to K?

Observation 4.4. Let —* be an AGM safe contraction function for a given
theory K. Then —* can be extended to an iterable AGM safe contraction
—» such that for every A, K — ;A= —"(A).

Proof. Given <[ the order associated to —*, define <, as follows: A <, B iff
either (A ¢ K) or (A,B € K and A <, B). Intuitively, when extending the
order to the whole language, elements in K are promoted in their safeness
while elements outside K are minimally safe. From the definition <[ = <,
|K, and it is not hard to check that <, is a virtually connected hierarchy

that continues up Cn over L. ]

In [Hansson, 1994] the safe contraction approach is generalized to a “kernel
contraction”. Instead of implementing a relational way of defining “safe
elements”, selection functions (called incision functions) are introduced. Our

results for safe contraction can easily be extended to kernel contraction.

4.1.2 Extended Partial Meet Contraction Functions

The principle of information economy requires that the contraction of K by
A contain as much as possible from K without entailing A. For every theory

K and sentence A, the set K 1 A of maximal subsets of K that fail to imply
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A is the definitional basis for partial meet contraction functions.
K1A={K'CK|A¢gCn(K') and K" is C -maximal with this property}.

A selection function is a function which returns a nonempty subset of a
given nonempty set. Let K be a theory, we note as s : L — P(P(K))\ {0},
a selection function for K | A, for A € L. We furthermore require that
s®(A) = {K} whenever K 1L A = (). The original AGM partial meet

contraction function —* is then defined, for a theory K, as
—*(A) = ﬂ s"(A), where s is a selection function for K.

Under this definition the contraction function —* satisfies the basic AGM
postulates (K-1) to (K-6). To satisfy the extended set of postulates, (K-1)
to (K-8), it suffices that s* be transitively relational, i.e. for each A € L the
selection function returns the smallest elements according to some transitive
relation defined over K 1 A.

In order to define an iterable version of —%

richer than the full meet
contraction, we need to obtain somehow the selection functions s*, one for
each eventual K. Of course, we might assume to have all the selection
functions beforehand. But following the ideas presented in the extension of
safe contraction functions, we would rather synthesize the different s* out
of a unique structure.

The largest possible theory is L, the whole language. Then s’ provides
for each formula A a selection function over all the maximal sets of L that
do not imply A. It is possible to extract from s’ the corresponding s* for
each theory K. This is a consequence of the following two observations: (a)
If A ¢ K, then, trivially, the maximal subset of K that fails to imply A is
K itself. (b) If A € K, each maximal subset of K that fails to imply A is
included in a maximal subset of L that fails to imply A (by a Lindenbaum-
style argument, each element in X 1 A can be extended to an element
of L L A). Therefore, we can derive a selection function s*(A) by just
restricting the result of s“(A) to its common part with .

Before we go on, let’s note that for any theory K and any formula A
such that A € K, the elements of K 1 A are exactly the elements of L 1 A

intersection with K.
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Proposition 4.5. (Maximal Non-implying sets) Let K be any theory,
and A € K. For every theory H C L,if H e L | Athen (HNK)e K 1 A.
For every K’ € K 1 A thereis H € L 1 A such that K' = KN H.

With this connection in mind, we can give the following

Definition 4.6. (Derived Selection Functions) Let s” be a selection
function for L. Then, for any theory K the selection function s* is

K(A) {K} ifAd K

S =

{K'e K 1L A|K'= KnH' with H' € s“(A)} otherwise.

It is immediate that each derived s is indeed a selection function. What is
L .

i

more interesting is that each s is transitively relational whenever s“ is.

Observation 4.7. If s” is a transitively relational selection function, then

for any theory K, s is a transitively relational selection function.

Proof. The intuition is as follows, as s’ is transitively relational there is a
transitive relation R defined over L 1 A whose smallest elements are selected
by s”(A). This relation R can be projected over each K | A to show that

s¥(A) selects the smallest elements of a transitive relation. O

Given that s is a transitively relational selection function we are able to
define an iterable AGM contraction function —,,, based on the partial meet

construction.

Definition 4.8. (Iterable Partial Meet Contraction) Let s” be a tran-
sitively relational selection function over L. The iterable AGM contraction
—pm  IK X L — IK is defined as K —,,, A = [s"(A), where s* is the derived

selection function for K.

By construction —,,, is an AGM transitively relational partial meet contrac-
tion. It is iterable as it is applicable to any theory K. We now prove that
every AGM partial meet contraction function can be extended to an iterable

partial meet.

Observation 4.9. Let —* be an AGM transitively relational partial meet
contraction function for a given theory K. Then —* can be extended to an

iterable AGM partial meet contraction —,,,, such that for every A, K—,,A =
—"(A).
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Proof. Given a selection function s we have to come up with a selection
function s”. As we previously said, for each H € K | Athereis H € L L A
such that H C H’. Hence, we can define s“(A) = {H' €¢ L 1. A | 3H €
s®(K L A) and H C H'}. Notice that there can be some H' € L 1 A such
that there exists no subset H of K and H C H’, so that H' is not selected.

Since s* is transitively relational there is a relation R over K | A which
can be lifted to L L A. If R(Hy, Hy) then R'(H|, H)) for H,Hy e L L A
such that H; C H]. For every H' € L L A such that there exists no subset
H of K and H C H', we define R'(H",H') for every H” € L 1. A. Now
st (A) selects the smallest elements of R'. It follows from the definition that

R’ is transitive, hence s” is transitively relational. O

4.1.3 Extended Systems of Spheres

In this section we develop a definition of an iterable contraction function
based on systems of spheres, which turns out to be equivalent to an early
unpublished result of Makinson (personal communication). We first turn to
Grove’s original framework [Grove, 1988] for AGM functions.

A system of spheres S centered on a theory K is a set of sets of possible

worlds that verifies the properties:

(S1) If U,V € Sthen U CV or VCU. (totally ordered)

(S2) For every U € S, [K] CU. (minimum)

(S3) W € S. (maximum)

(S4) For every sentence A such that there is a sphere U in S with
[A] N U # 0, there is a C-minimal sphere V in S such that [A] NV # 0.

(limit assumption)

For any sentence A, if [A] has a non-empty intersection with some sphere in
S then by (S4) there exists a minimal such sphere in S, say cs(A). But, if
[A] has an empty intersection with all spheres, then it must be the empty
set (since (S3) assures W is in S), in this case cg(A) is put to be just W.

Given a system of spheres S and a formula A, cg(A) is defined as:

w_{ " if [A] =0
C =
° the C -minimal sphere S in S s.t. S’ N[A] #(0 otherwise.
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Using the function cg, the function fs: L — P (W) is defined as fs(A) = [A]N
cs(A). Given a sentence A, fs(A) returns the closest elements (with respect
to theory K) where A holds. Grove shows that the function defined as
—*(A) = Th([K]U fs(mA)) is an AGM contraction function. And conversely,
for any AGM contraction function relative to a theory K there is a system
of spheres S centered on K that gives rise to the same function.

We shall now extend Grove’s construction to obtain an iterable function
using the same strategy we used for partial meet. Again, the central idea
is to consider the inconsistent theory. A system of spheres for L has the
particular property that its innermost sphere is the empty set, since [L] = 0.
Given a system of spheres S with ) as its innermost sphere we define for
any theory K a derived system S* centered on K simply by “filling in” the
innermost sphere of S with [K].

Definition 4.10. (Derived System of Spheres) Let S be a system of
spheres for L. Then for any theory K the derived system of spheres S* is
defined as S* = {[K]U S, | S; € S}.

Observation 4.11. Let S be a system of spheres for L. Then for any theory

K, S¥ is a system of spheres centered on K.

Having defined the method to derive a system of spheres S*, the functions
cy and fX are as above. We can now define the iterable contraction function

—e : IK x L — IK, applicable to every theory K and every formula A.

Definition 4.12. (Iterable Sphere Contraction) Let S be a system of
spheres for L. The iterable AGM contraction —,, : I x L — IK is defined
as K —,, A =Th([K]U f£(=A)), where f& is the derived function for K.

It is clear that —,, is iterable. By Grove’s characterization result it follows
that —,, is an AGM contraction function. We prove that every AGM con-

traction function can be extended to an iterable sphere contraction function.

Observation 4.13. Let —* be an AGM contraction functions based on sys-
tems of spheres. Then —* can be extended to an iterable AGM contraction

—.s based on systems of spheres, such that for every A, K —,, A = —%(A).
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Proof. Tt is enough to prove that if S¥ is a system of spheres for K, then
it can be extended to a system of spheres for L. Define S with () as its
innermost shphere as S = S* U {(}}. Clearly, S validates (S1) to (S4) for
L. O

4.1.4 Extended Epistemic Entrenchments

An epistemic entrenchment for a theory K is a total relation among the
formulae in the language reflecting their degree of relevance in K and their
usefulness when performing inference. The following five conditions must
hold for an epistemic entrenchment relation <., for a theory K [Makinson
and Gérdenfors, 1988]:

(EE1) If A<, Band B<, D then A<, D.

(EE2) If B € Cn(A) then A <,, B.

(EE3) A<.(AANB)or B<..(AAB).

(EE4) If theory K is consistent then A ¢ K iff A <,, B for every B.
(EE5) If B <,. A for every B then A € Cn(().

The AGM contraction function —* based on an epistemic entrenchment

relation <, for K, is defined as follows. For every formula A in L,
—(A)={Be K |AecCn()or A<, (AVB)},

where <, is the strict relation obtained from <,,.
For any given relation <, for a consistent theory K, the formulae in K

are ranked in <., while all the formulae outside K have the <_.-minimal

epistemic value. That is, by (EE4) for a consistent theory K, all the for-
mulae outside K are zeroed in <,. However, (EE4) is vacuous for the
contradictory theory L. If we consider as a point of departure an epistemic
entrenchment over the contradictory theory L, there is an obvious way to
derive an entrenchment order for any theory K: just depose the formulae

not in K to a minimal rank.

Definition 4.14. (Derived Epistemic Entrenchment) Let <.. be an
epistemic entrenchment relation for L. Then for any theory K the derived

epistemic entrenchment relation <% is defined as:

—ee

A < B iff either (A¢ K) or (A,B € K and A <,, B).
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Again the first step is to establish that our definition is sound.

Observation 4.15. Let <, be an epistemic entrenchment relation for L,

then for any theory K, <¥ is an epistemic entrenchment relation for K.

) —ee

Definition 4.16. (Iterable Epistemic Entrenchment Contraction)
Let <.. be an epistemic entrenchment relation for L. The iterable AGM
contraction —,, : IK x L — IK is defined as K —, A = {B € K | A €
Cn(0) or A <X (AV B)}, where <¥ is the asymmetric part of <X for <%

the derived epistemic entrenchment relation for K.

It remains to show that every contraction function based on epistemic en-

trenchments can be extended to an iterable contraction function.

Observation 4.17. Let —* be an AGM contraction function based on epis-
temic entrenchments for a given theory K. Then —* can be extended to an
iterable AGM contraction —,, based on epistemic entrenchments such that
for every A, K —,. A = —¥(A).

Proof. The key point is to prove that an epistemic entrenchment relation
for K <X can be extended to a relation for L.

If K = L then we are done. Suppose K # L. We claim that <¥ is also
an epistemic entrenchment relation for L. Conditions (EE1), (EE2), (EE3)
and (EE5) do not refer to the specific theory so they hold also trivially for
L, while condition (EE4) does not apply as L is inconsistent. ]

4.1.5 Extended Postulates

One of the hallmarks of the AGM formalism is that a contraction operation
always returns a consistent theory. The largest possible theory is the in-
consistent theory L, the whole language. The contraction function over the
inconsistent theory can be regarded as a generic removal procedure leading
to consistency. As every theory is a subset of the inconsistent theory this
generic removal procedure can be applied to any theory. We propose the

following postulate:

(K-9) IfAcK, then K — A= (L—A)NK.
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Postulate (K-9) is extremely simple and reveals the unsophisticated be-
haviour of our iterable contraction function. Its dual iterable revision pos-

tulate is defined as:
(K*9) If A € K, then K« A= (Lx*A)

The postulates are quite disappointing. (K*9) gives the crudest exhibition of
the behavior of iterable functions, not so aparent in the other presentations.
In Section 4.3 we elaborate on the inter-definability of (K*9) and (K-9) via
the Levi and Harper identities. Thus, a revision function * satisfying (K*1)-
(K*9) will have the following behavior: For any A, B € L, if =B € KA then
KxAxB = (LxB);else KxAxB = (K*A)+ B. An immediate observation
is that when the new formula is negated in the original theory, (K*9) forces
independence between two arbitrary revision steps. Namely, the result of
revising a theory is independent of the preceding steps that lead to it, only
the actual theory being revised matters. This is what we have described
as lack of historic memory in Chapter 3, or as reported in [Friedman and
Halpern, 1996], the qualitative analogue of the Markov Assumption.

We take (K-1) to (K-9) as defining iterable AGM contraction functions
via postulates. We show in the next section that these functions coincide
with the iterable AGM contraction functions defined above.

Lemma 7.4 in [Alchourrén and Makinson, 1985] can be considered as
the first reference to the ideas put forward in postulate (K-9). But the
connection with iteration is first elucidated by [Rott, 1992b]. He men-
tions explicitly (K-9) in connection with generalized entrenchment relations
and considers it as a policy of iteration. He also proves that iterated the-
ory change according to this method reduces to change of the inconsis-
tent theory. Remarkably, [Freund and Lehmann, 1994] propose precisely
the same postulate (K*9) and show the correspondence between an AGM
revision operation satisfying it and a rational consistency-preserving con-
sequence relation. Freund and Lehmann also show that such a revision
function admits iteration. Although their postulate and ours turned out
to be identical, the two works are indeed complementary. In the attempt
to elucidate the meaning and effect of (K-9) we were driven to recast it

in the four other standard presentations of AGM (safe hierarchies, partial
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meet functions, systems of spheres and epistemic entrenchments) and in the
next section we will prove that they are indeed equivalent. Freund and
Lehmann chose instead to consider the connection existing between the-
ory change and non-monotonic reasoning [Makinson and Gérdenfors, 1991;
Girdenfors and Makinson, 1990] and study the effect of the new postulate
on the (non-monotonic) inference relation. The main result in their paper is
the proof that revisions satisfying (K*1) to (K*9) stand in one-to-one cor-
respondence with rational, consistency-preserving non-monotonic inference

relations.

Freund and Lehmann’s result count as a formal argument for regarding
the iterable revision function as a tool for what in Artificial Intelligence is
called “default reasoning”. Given a set of initial facts, a set of default rules
and some observation(s), a set of “default” conclusions can be obtained.
The typical example talks about two default rules: Birds fly and Birds with
broken wings do not fly. The example puts as a fact that Tweety is a pet. We
first observe that Tweety is a bird and by default we conclude that Tweety
flies. Then if we observe that Tweety has a broken wing, we conclude that

Tweety does not fly.

How does the AGM iterable revision function account as a model for
default reasoning? The initial set of facts are put as the initial theory K
and observations are expressed as formulae in L. The set of “default rules”
should be encoded in the * function, in such a way that after incorporating
the new “observations” the revised theory has the default conclusions. So,
upon an observation A the resulting theory is K % A. In this way, given
the sequence of observations Aj,...A, , the theory ((..(K * Aj) *...) x*
A,,) is obtained. According to default reasoning the latest observation is
irrevocable, leaving behind all previous observations and default conclusions
if they clash with it. The characteristic behavior of the iterable function,
due to postulate (K*9), accounts for this: if =B € ((..(K % A1) x...) x A,
then ((..(KxAj)*...)xA,)* B =LxDB.
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4.2 Equivalences

In this section we will prove the equivalence of the five systems presented.
We first prove that postulates (K-1) to (K-9) characterize the iterable AGM

contractions based on systems of spheres.

Theorem 4.18. (Postulates/Systems of Spheres) Given an iterable
AGM contraction — satisfying (K-1) to (K-9), there exists a system of
spheres S for L such that for every K and every A, K — A = Th([K] U
f&(—A)). Conversely, every —,, based on a system of spheres S for L satis-

fies postulates (K-1) to (K-9).

Proof. As —,, is a contraction based on systems of spheres it satisfies (K-1)
to (K-8). It is trivial to check that it also satisfies (K-9).

By Grove’s original result, for any AGM function for L that satisfies
(K-1) to (K-8) there is a system of spheres S for L such that L — A =
Th(fs(—A)). By definition S* = {[K]US; | S; € S}. There are two cases.
For any A ¢ K, clearly fi(—A) = [K]N[-A4], then Th([K]U ff(-A4)) = K
and by postulate (K-3), K = K — A, so we are done. For A € K, f¥(-=A) =
FE(=A), then Th([K] U f5(~A)) = Th([K] U fE(=A)) = K N Th(fX(~4))
= KN (L— A), and we are done. O

We shall prove that —.. and the extended postulates are equivalent.

Theorem 4.19. (Postulates/Epistemic Entrenchments) Given an it-
erable AGM contraction — that satisfies (K-1) to (K-9), there exists an
epistemic entrenchment relation <, for L such that for every K and every
A K—A={BeK|AecCn()) or A<X (AV B)}. Conversely, every —,,
satisfies (K-1) to (K-9).

Proof. Again, by previous results, —,, satisfies (K-1) to (K-8) and it is easy
to verify that it also satisfies (K-9).

Let <., be the epistemic entrenchment guaranteed to exist for any con-
traction function satisfying (K-1) to (K-8). We already proved that it is an
epistemic entrenchment for L.

If A ¢ K then by (K-3), K — A = K. As <., satisfies (EE1) and (EE4),
A <X (AVvB)foral Be K. Hence K — A ={B e K| A€ Cn) or
A <X (AvV B)}.
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Suppose A € K. As <X is the restrictionof <,,, K— , A={Be K| A€
Cn(@)or A<¥(AVB)} =KnN{BeL|AecCn®) orA<, (AVB)} =
(L-—A)NK =K — A, if — satisfies (K-9). O

We have presented —,,, and —,,, and showed that they are both iterable
AGM functions relative to some fixed order for the inconsistent theory L.

We now prove that —,,, and —,, are in fact equivalent.

Theorem 4.20. (Meet Functions/Systems of Spheres) For each iter-
able partial meet contraction —,,, there exists a system of spheres S for L
such that for every theory K and every A, K —,,, A = Th([K] U c§(—A)).
Conversely, for each iterable contraction —,, defined by a system of spheres

there exists a selection functions s” such that for every theory K and every
A K —,A=)s*(4).

Proof. The theorem is a direct consequence of the “Grove connection” [Makin-
son, 1993] relating consistent complete theories in the language of K includ-
ing A and the elements in {Cn(K U A)|K € K 1 =A} by a total injective
mapping. In the particular case when we consider the inconsistent theory
L, this mapping can be recast as a bijection between the set of all consistent
complete theories (worlds) and |J,U(L L A). Once this connection has
been established, the order provided by a system of spheres centered in ()

defines a transitively relational selection function s” and vice versa. O

Finally, by using results in [Rott, 1992a] we can establish the equivalence
between iterated epistemic entrenchment contractions and iterated safe con-
tractions functions, proving that the five approaches presented are indeed

five faces of the same phenomenon.

Theorem 4.21. (Epistemic Entrenchments/Safe Hierarchies) For
each iterable epistemic entrenchment contraction —,, there exists a virtu-
ally connected hierarchy <,; that continues up Cn in L, such that for ev-
ery theory K and every A, K —, A = KNCn({B | VK' C K, s.t. A €
Cn(K’) and K’ is a C-minimal with this property, B ¢ K’ or there is C €
K' st. C <% B}). Conversely, for each safe iterable contraction — there
exists an epistemic relation <., for L, such that for every theory K and
every AK —;A={BeK|AeCn(d) or A<X (AV B)}.
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Proof. The first part is immediate. As it is proved in [Rott, 1992a), an epis-
temic entrenchment is also a safe hierarchy. Furthermore the relativization
to K used during iteration is preserved. For the second part, let <, be the
hierarchy for L associated to —,. Now using the main result in [Rott, 1992a]
we can obtain an epistemic entrenchment relation <., such that the asso-
ciated contraction function behaves as — for L. Take <, as the basis for
our epistemic entrenchment iterable contraction function —,,. If A € Cn(()
or A ¢ K, then as both —; and —.. are AGM functions, K —;A = K =
{Be K|Ae€Cn@)orA<KE (AVB)}. If A¢g Cn()) and A € K, as
the functions satisfy (K-9), K —; A= (L—-y;ANK=(L—-..A)NK =
{Be K| AecCn(0) or A<X (AV B)}. O

The results proved are summarized below.

Theorem Theorem
4.19 4.18
Iterable entrenchment +—— (K-1)-(K-9) +— Iterable sphere
f f
Theorem 4.21 Theorem 4.20
U I3
Iterable safe Iterable partial meet

4.3 Properties

Just as AGM contraction and revision are inter-definable via the Levi and
Harper identities, so are iterable AGM contractions and revisions. This is
important since it allows for sequences of different kinds of changes, like for
example (...((K+A)—B)*D...xC). In [Alchourrén and Makinson, 1985]
(Lemma 7.1) it is shown that under appropriate conditions safe contractions
are permutable. Given (K-9), an iterable AGM revision function * can be
defined in terms of an iterable contraction function equivalently via the Levi
or R-Levi identities, that is, for all A, (K ——A) + A= (K + A) — —A.

Observation 4.22. Tterable AGM contraction functions are permutable.
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A direct proof of the above is immediate but the result also derives from
Lemma 7.1 in [Alchourrén and Makinson, 1985] given that the conditions
needed always hold for iterable AGM functions.

Postulate (K*9) immediately implies that iterable AGM revisions are

(Almost Constant) If -4 € K, K’ then K x A = K’ x A.

Namely, when the second argument is held fixed, the iterable revision be-
haves almost as a constant function on its first argument. By (K*9), if
—A is in K then K % A is constant. But as iterable revisions satisfy AGM
postulates (K*3) and (K*4), if ~A ¢ K, then K * A = Cn(K U{A}). Con-
sequently, iterable revisions satisfy a weak form of monotony of the iterable

contraction function.
(Weak Monotony -) If A € K and K C K’ then K — A C K’ — A.

A key observation about iterable contractions is that they ought to be
relative to the largest theory, L, because attempting to make them relative

to a smaller theory clashes with the AGM recovery postulate.

Observation 4.23 (Makinson, personal communication). Let — be
an iterable AGM function. There is no value of theory H distinct from L
for which

(K-9(H) IfAc Kthen K—A=(H-A)NK.

is consistent with (K-5) (the postulate of recovery).

Proof. Suppose H # L. Choose any A in H (even T will do).
L =, by (K-5), Cn(L — A)U{A4}) =,
by condition (K-9(H)) substituting L for K, = Cn(((H—-A)NL)U{A}) =
,by monotony of Cn and de Morgan laws, C Cn(((H — A)) U{A}) =
,by (K-5), = H, giving us a contradiction. O

As iterable AGM contractions induce safe contractions functions for each

theory K, the results proved in [Alchourrén and Makinson, 1985] carry over:

Observation 4.24. Iterable AGM contractions validate:
If A e KiN Ky then (KlﬁKQ)—A = (KI—A)Q(KQ—A)
If Ae KinN K>y then (KlUKQ)*A = (Kl *A)U(KQ*A).
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IfAec K—Band Be K—Athen (K—-A)—B=(K—-A)N(K—-B) =
(K — B) — A.

In terms of iterable revisions these properties are:
(Weak Intersection) If =A € K1NKy then (K1NK2)*xA = (K1xA)N(KaxA)
(Weak Union) If A € K1 N Ky then (K3 UKs)x A= (KyxA)U (Ko x A).
(Restricted Commutativity) If A € K « B and =B € K * A then (K *
A)xB=(K+«A)N(Kx*B)=(Kx*B)x* A.
In fact, these properties hold not just for two theories but also for indefinitely
many.
We shall now show that the D-Ventilation property, which is a strengthening
of the property Weak Intersection holds for iterable AGM functions.

(D-Ventilation) (K1NKa)xA € {(KixA)N(KaxA),K;xA KyxA}.

Although iterable AGM revisions are binary and almost constant, Commu-
tativity, Weak Commutativity, Elimination and Weak Elimination are not
generally valid.

(Commutativity) K * Ax B =K x B x A.

(Weak Commutativity) If -B € Cn(A), K« Ax B =K % Bx A.

(Elimination) (K *A)x B = K x (AN B).

(Weak Elimination) If -B ¢ Cn(A), (K« A)*B =K % (AAB).
Observation 4.25.
i) Iterable AGM functions satisfy D-Ventilation.

ii) There exist iterable AGM revisions that violate Commutativity, Weak

Commutativity, Elimination and Weak-Elimination.

Proof. We just show a counterexample for the Weak Elimination condition.
Assume A, B two logically independent formulae, and assume LxA = Cn(AA
—B) and L+ B = Cn(—AAB). Let K = Cn(—A). Then K + A = Lx* A and
K+AxB = LxB. Since (AANB) ¢ L+ B, clearly, K« AxB # Kx(AAB). O

Iterable AGM revisions satisfy just three of the six properties of Darwiche
and Pearl [1997].

Cl. If A€ Cn(B) then (K*xA)xB =K *B.
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C2. If A € Cn(B) then (K *xA)*x B =K % B.

C3. If Ae K*Bthen A€ (K xA)xB.

C4. If “A¢ K * B then =A & (K « A) x B.

Cs. If-BeKx«xAand A¢ K+ B then A¢ (K *xA)x* B.
C6. If -Be K*Aand ~A€ K B then A e (K A)*B.

Observation 4.26.
i) All iterable AGM functions, satisfy C1, C3 and C4.
ii) There exist iterable AGM functions violating C2, C5 and C6.

Most noticeably, our iterable AGM functions validate the first six of the

seven postulates of [Lehmann, 1995], the seventh requires the property of

historic memory that iterable functions obviously lack.

I1. K % A is a consistent theory.
12. Ae KxA.
I3. fBeK=xA,then ADBecK.

14 If Ac Kthen K«By*...xB,=K+«A*xBy*...xB, forn>1.

5. IffAeCn(B), then KxAxB*Byx...*B, = K+«BxBy*..
6. If -B ¢ K+Athen KxAxBxBix*...xB, = KxAx(AAB)*Bx*..

I7. Kx—-Bx B C Cn(KU{B}).

Observation 4.27.
i) All iterable AGM functions, satisfy 11-I6.
ii) There exist iterable AGM functions violating 17.

Finally, let’s consider the properties,

.x By,
* By,

(Or-Right) If D € (K*A)*xC and D € (K % B) «x C then D €

(K« (AV B)) % C.

(Or-Left) If D € (K«x(AVB))+C then D € (K+xA)xC or D € (K«B)*C.

Observation 4.28. Iterable AGM functions satisfy Or-Right and Or-Left.

We observe that iterable functions do not comply with the properties asso-

ciated to iterative schemes.
(T) KoAoB=KoB.
(C) If -BeKoA,then KoAoB=KoB.
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(I) KoAoB=Ko(AAB)
(M)
KoB , if =B € Cn(A)

KoAoB=
Ko (ANB) , otherwise.

Observation 4.29. There exist iterable functions violating (T),(M),(I) and

Q).

The set of properties validated by iterable AGM functions are summarized
in the table of appendix A. Modest as they are, it is surprising that iterable
AGM functions satisfy a good number of the standard properties put forward

as relevant for iterated change.
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Chapter 5

Update Functions

In this chapter we will concentrate on a distinctive binary function out-
side the AGM framework, Katsuno and Mendelzon’s update [Katsuno and
Mendelzon, 1992]. We will study various of its formal properties and we will
complete and clarify previous results that extend the function for infinite
languages.

Some years after the seminal paper of Alchourrén, Gardenfors and Makin-
son, Katsuno and Mendelzon presented a new theory change operation which
they called an update. In their paper, Katsuno and Mendelzon compared the
update operation with the previous AGM revision operation and, following
the work of [Keller and Winslett, 1985], provided some interesting remarks
on the differences between the two approaches. While revision functions
seemed well suited for modeling the change yielded by evolving knowledge
about a static situation, update operations captured the change in knowl-
edge produced by an evolving situation. We quote [Katsuno and Mendelzon,
1992], page 387:

“We make a fundamental distinction between two kinds of mod-
ifications to a knowledge base. The first one, update consists
of bringing the knowledge base up to date, when the world de-
scribed by it changes. ...The second kind of modification, re-
viston, is used when we are obtaining new information about a
static world. ... We claim the AGM postulates describe only

revisions.”
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The two forms of change can be illustrated with the following example,
which is an adaptation of Katsuno and Mendelzon’s original one.

Suppose that each day I either have no breakfast at all or I have coffee
and toast. Suppose you are now informed that I had coffee at breakfast.
How should you incorporate this information into your knowledge? You
could take it as an indication that I had coffee and toast, with which more-
over it is consistent, so you expand your knowledge. This is what AGM
revision sanctions for the example. Another way to look at it, is to perform
a case analysis over what you know. There are just two possibilities that
are consistent with your knowledge: either (1) I have coffee and toast, or
(2) I have neither coffee nor toast. Suppose (1). Finding that I had a coffee
is perfectly reasonable with this case. Let us say that the outcome of case
(1) is the scenario described by case (1) itself. Now suppose (2). Finding
that I actually had a coffee conflicts with the case. You are obliged to jump
to the “closest” scenario to case (2) that accommodates the information.
For instance, it could be that I woke up late and left having no breakfast;
but at the bus stop I bought just a coffee from a vendor. From this case
analysis you conclude that definitely I had a coffee but that nothing can be
said about me having toast. This is the type of change dictated by update.

Katsuno and Mendelzon showed that the two operations have indeed
different properties and, since then, AGM revision and update have been
considered essentially different forms of theory change. The nature of their
difference, though, is still an open question in the philosophical logic litera-
ture concerning theory change. For instance, are there other fundamentally

different operations besides revision and update?

5.1 The Update Operation

Katsuno and Mendelzon define updates only for a classical propositional
language based on a finite set of propositional variables P. This simplifying
assumption has strong consequences as the set W of all possible valuations
becomes finite. Two main properties result: every theory can be finitely
axiomatized by a propositional formula; and every total order < on W is

free of infinite descending chains. These two properties let Katsuno and
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Mendelzon provide a simple definition of the update operator as a binary
connective <) in the propositional language: A B is a well formed formula
denoting the result of updating the theory Cn(A) with the formula B. The

{ operator is characterized through the following postulates:

(ul) AOB implies B.

(u2) If A implies B then AQB = A.

(u3) If both A and B are satisfiable then A{B is also satisfiable.

(ud) If Ay = Ag and B; = By then A1 $B1 = A2 Bo.

(ub) (AOB) A C implies AQ(B A C).

(u6) If AQB; implies By and AQ By implies B; then AQB; = A Bs.
(u7) If Cn(A) is complete then (A By) A (AQB2) implies AQ(B1 V Ba).

(u8) (A1 V A2)<>B = (A1<>B) V (A2<>B)
They furthermore consider an additional postulate:

(u9) If Cn(A) is complete and (A$B) A C is satisfiable then AQ(B A C)
implies (AQB) A C.

Katsuno and Mendelzon provide also a semantic characterization of the up-
date operation through a notion of closeness between possible worlds. They
consider a set of partial preorders on W, {=<,: w € W}. The intuitive
meaning is that v <, v if and only if v is at least as close to w as u is. The
indexical preorders =<,, are then used in the definition of the update oper-
ation: given that any theory K can be semantically represented as a set of
possible worlds [K] = {w € W : K C w}, we can update K by considering
the most plausible changes (according to <,) to each w to accommodate
the new information. The only requirement on =<, is a centering condition,
establishing that for every w, no world is as close to w as w itself: if v <, w
then v = w.

The following characterization results hold for the update operation, see

[Katsuno and Mendelzon, 1992] for the details.
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Theorem 5.1. Let L be a finite propositional language. The update oper-
ator ¢ satisfies (ul)-(u8) iff there exists a model (W, {=,: w € W}) where
each <, is a partial preorder over W that satisfies the centering condition,
such that [AQB] = ,ea{v € [B] : v is Zy-minimal in [Bl}.

Theorem 5.2. Let L be a finite propositional language. The update opera-
tor { satisfies (ul) - (u5),(u8) and (u9) iff there exists a model (W, {=<,,: w €
W}) where each =<, is a total preorder that satisfies the centering condition,
such that [AQB] = ,epa{v € [B] : v is Zy-minimal in [B]}. (Postulates

(u6) and (u7) are superfluous in presence of the rest.)

A first formal difference between AGM revision and update is that they
do not stand on the same definitional ground. Katsuno and Mendelzon
formalized their update operation as a binary connective between formulae
in a logically finite language —specifically, a propositional language over
a finite set of propositional variables. In contrast, Alchourrén, Gardenfors
and Makinson considered the general case of a possible infinite language and
their revision operator takes a theory and a formula to the corresponding
revised theory.

[Peppas and Williams, 1995] have reformulated the update operation as
a function over theories and extended Katsuno and Mendelzon’s set of pos-
tulates so that an update operator may be used on first order languages.
Implicitly, their article claims that Katsuno and Mendelzon’s original pos-
tulates would be complete for general propositional languages, but not for

first order. We quote [Peppas and Williams, 1995], page 120:

“[Grove, 1988] used a syntactic representation based on max-
imal consistent extensions, or equivalently consistent complete
theories, without the restriction of [Katsuno and Mendelzon,
1991]. They note that due to the one-to-one correspondence
between consistent complete theories and interpretations in the
finitary propositional case, their representation result is deriv-
able from the work of [Grove, 1988]. Furthermore, the one to
one correspondence between consistent complete theories and in-
terpretations does not require the finiteness property, and there-

fore, in the propositional case Grove’s results have a semantic
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counterpart. However, this one to one correspondence does not
hold for the more general first order case, and a model-theoretic
characterization for this case has not hitherto been established.
... [Katsuno and Mendelzon, 1992] introduced a set of postulates
for an update operator on finitary propositional theories We ex-
tend their set of postulates so that an update operator may be

used on arbitrary first order theories.”

In the next section we will give a clarification of Peppas and Williams’ state-
ment. After defining the update operation for possibly infinite languages,
we will prove an unexpected result: Katsuno and Mendelzon’s original pos-
tulates characterizing finite updates are not sufficient for the infinite propo-
sitional case. In Section 5.4 we propose a strengthening of postulate (US8)
which enables a representation theorem to be proved, obtaining the same
postulate proposed in [Peppas and Williams, 1995]. Finally we will evaluate

the update function against the general properties we studied in Chapter 3.

5.2 Update for Infinite Languages

Following the notion of change advocated by Alchourrén, Gérdenfors and
Makinson [1985], we generalize the update operation to theories, over an ar-
bitrary logical language L. We redefine the update operator <) as a function
that takes a theory and a formula and returns a theory, { : IKX x L — IK. No-
tice that in a finite propositional language this is just a notational variant of
Katsuno and Mendelzon’s original setting. We can straightforwardly recast
the postulates governing the update function for possibly infinite languages

as follows:

(U0) KA is a theory.

(Ul) Ae KQA.

(U2) If A€ K then KO0A =K.

(U3) If K # L and A is satisfiable then KA # L.

(U4) If Cn(A) = Cn(B) then KOA = KOB.
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(U5) KO(ANB) CCn(KQAU{BY).

(U6) If Be KOA and A € KOB then KOA = KOB.

(U7) If K is a complete theory then K$(AV B) C Cn(KOAUK$B).

The additional postulate becomes:

(U9) If K is complete and Cn((KQA)U{B}) # L then Cn((K$A)U{B}) C
KO(ANB).

It is quite easy to extend the characteristic pointwise semantics of the stan-
dard update function to infinite languages. The notion of closeness between
worlds requires some adjustment. In addition to the centering condition,
each =<,, should satisfy the limit assumption: let A be any formula in L,
then there exists some non-empty set Y, Y C [A] such that each element in

Y is a <,-minimal element of [A]. Formally,
Vw e W,VA € L,3Y C [A],Y # 0 such that Vy € Y,Vz € [A],y =y 2.

Notice that the limit assumption is trivially satisfied in finite propositional

languages.

Definition 5.3 (Update function). Let L be a possibly infinite propo-
sitional language. Let (W, {=<,: w € W}) be such that each <,, is a total
preorder over W satisfying the centering condition and the limit assumption.
We define ¢ : IK x L — IK as

K#A=Th( | J {ve[d]:vis =, -minimal in [A]}).
we[K]

5.3 A Non-Representation Theorem

The generalized version of the update postulates (U0)-(U9) does not charac-
terize the update operation in a language with an infinite number of propo-

sitional letters.
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Theorem 5.4. If L is an infinite propositional language, postulates (U0)-
(U9) do not fully characterize the 4 operation.

Proof. Given a propositional language L with an infinite but countable num-
ber of propositional letters we will exhibit a function o : IK x L — IK satis-
fying (U0)-(U9) for which there is no model (W, {=,: w € W}), satisfying
that VK € IK, VA€ L, K o A= K$A.

We semantically define o as follows. Let us single out an (arbitrary)

point v in W. For every K € IK and for every A € L define

0 if [A] = 0.

K o A] = [K] if [K] C [4].
(K] N[A)) U{v} if A€vand [K]N][-A] # 0 is finite.
[A] if A¢vor [K]N[-A4]is an infinite set.

We first check that o satisfies postulates (U0)-(U9). By definition o
trivially satisfies postulates (U0), (U1), (U2), (U3) and (U4).

(U5). We have to show that K o (AA B) C Cn(K o AU {B}) holds.
There are three cases.

(a) If [K] C [A] then Ko A= K. If =B € K, then Cn(Ko AU{B})=1L
and (U5) is verified. If =B ¢ K, then Cn(K o AU {B}) = Cn(K U {B}).
Since A € K, Cn(K U{B}) = Cn(KU{A} U{B}) = Cn(K U{A A B}) =
K o (A A B). Thus, (U5) holds.

(b) Assume [K] N [-A] # 0 is a finite set. If [K] N [-~AV —B] is an
infinite set or AA B ¢ v then K o (AA B) = Cn(A A B) and (U5) holds.
Suppose [K] N [-AV —B] is finite and AA B € v. So [K o (AA B)] =
([K] N [A A B]) U {v}, while [K o A] = ([K] N [A]) U {v}. Since B € v,
(K o AN [B] = (K] n[A]) u{e}) N [B]) = ([K]N[A]n[B]) U ({v} N [B])
= ([K]N[A]Nn[B]) U{v}= [K o (A A B)], thus (U5) is verified.

(c) If [K] N [—A4] is an infinite set then [K] N [-A V —B] is also infinite.
By definition [K o (AA B)] = [AAB] = Cn([A]U[B]) = Cn(K o AU{B}).

(U6). Suppose B€ Ko A and A€ Ko B.

(a) If [K] C [A] then Ko A = K. Since B € K o A, then B € K, so
KoB=K=KoA.
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(b) Assume [K| N [-A] # 0 is a finite set. If A € v then [K o A] =
([K] N [A]) U {v}. Since B € K o A, then ([K]N[A])U{v} C [B], and in
particular, B € v. Furthermore [K]N[-B] # () is finite. Then, by definition,
[K o B] = ([K] N [B]) U{v}. Since, in addition, A € K o B, we obtain that
([K] N [B]) U{v} C [A]. Therefore, [K] N [A] = [K] N [B] and hence under
the conditions in (b), K 0 A = K o B. Now suppose A ¢ v. Then [K o A]
= [A]. Since B € Ko A, [A] C[B]. As A€ Ko B, [K o B] C [A]. Hence
[K o B] # ([K]N[B]) U{v}, because we assumed A ¢ v. Hence, it must be
that [K o B] = [B], so [B] C [A]. Therefore, [A] = [B] and Ko A = K o B.

(c) Assume [K| N [-A] is an infinite set. Then, [K o A] = [A]. Since
B € K o A, then [A] C [B]. There are two possibilities for K o B. If
[K o B] = [B] then, using that A € K o B, we obtain [B] C [A] and
[KoA] = [KoB]. If [ KoB] = ([K|N[B])U{v} then B € v and [K]N[-B] is a
finite set. Because A € KoB, ([K]N[B])u{v} C [A], and [K]N[B] C [K]N[A].
Then, [K] N [-A] C [K] N [~B]; but this is impossible because we assumed

[K] N [-A] to be an infinite set and [K] N [-B] to be finite.

(UT). We want to prove that if K is a complete theory then Ko(AVB) C
Cn(K o AU K o B). Assume K is complete.

IfAe K, KoA=K and Ko (AV B) = K. Thus, (U7) holds. If
—“A€ K,and B € K, then Ko (AV B) = KoB = K, so (U7) holds. If
—AeK,and ~Be K,if Acvor B € v, then Ko (AV B) =wv, and either
KoB=vor KoA=w,so (U7) holds. If =A € v and =B € v, then we
obtain that Ko (AV B) = Cn(AV B), Ko B =Cn(B) and K o A = Cn(A).
Hence, (U7) is verified.

(U8). We show that (K1 N K)o A = (Ky0A)N(Ky0A). Let K =
KN K.

(a) Assume A € K. Then K10 A=K}, Ko A=Ky and Ko A =K.
Therefore (U8) is validated.

(b) Assume [K]|N[—A4] is a finite non-empty set and A € v. Then, [K o A]
= ([K] N [A]) U {v}. Since each [K;] N [—A4], for i = 1,2, is a finite set then
[KioA] = ([Ki]N[A])U{v}, i = 1,2. So [KoA] = ([K1]N[A])U([K2]N[A])U{v}
= [K10 AJU[K3o0 A].

(¢) Assume [K] N [—A4] is an infinite set or =A € v. If =A € v then
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KoA=K;0A=KyoA=Cn(A), therefore, (U8) holds. Otherwise, either
[K1] N [2A] or [K3] N [~A] or both are infinite sets. Clearly [K o A] = [A4]
and, say, [K7 o A] = [A]. So [K o A] = [K; o A], therefore, independently of
the value of [K3 o A], we obtain that [K o A] = [Kj 0 A] U[K3 0 AJ.

(U9). Assume that K is complete and [K o A] N [B] # 0. We prove that
[Ko(AAB)] C[KoAlN|[B].

(a)If Ae K, KoA = K, by the hypotheses, B € K. So Ko(AAB) = K.
Thus, (U9) is verified.

(b) If A ¢ K, then since K is complete A € K. If A € v, Ko A =
v. By the hypothesis that [K o A] N [B] # 0 we conclude B € v. Thus,
[Ko(AAB)|C[KoAlN[B]. In fact, [K o (AA B)] = [K o A]N[B] = {v}.
If Ag v, [KoA]=[A] and [K o (AAB)] =[AAB]. Thus, [K o A]N [B]=
[K o (A A B)], hence (U9) is verified.

Now suppose for contradiction that there is a model M = (W, {=,: w €
W), where each <, is a total preorder on W satisfying the limit assumption
and the centering condition, such that VK € IK, VA € L, K o A = KA.
Thus, for every theory K such that [K] is a finite set, and for every formula
A, if “A € K and A € v, where v is the distinguished point appearing in
the definition of o above, Ko A = K4 A = v must hold. This translates into

the following condition on the model M.

Vo € [RALVy € [Av#y, v=<ay.

Now let K be a theory such that [K] is an infinite set and let A € L
be such that A € v and =A € K. Then by definition of o, [K o A] =
[A]. However, [K#A] = U,cx{y € [A4] : y is Zp-minimal in [A]} = {v}.
Because the language is infinite {v} # [A]. O

5.4 A Representation Theorem

In the previous section we proved that postulates (U0)-(U9) are insufficient
to characterize the update operation in an infinite language. We propose the
following postulate as a strengthening of Katsuno and Mendelzon’s postulate

(U8) to achieve the representation result.
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(IU8) If K = (H; then KOA = ((H;OGA).

(IU8) states that the update of an intersection is the intersection of the
updates. Obviously (IU8) implies (U8). We now prove that postulates (U0)-
(U9) plus (IU8) completely characterize the update operation when infinite
languages are allowed. In the proof we use the following two lemmas. One
proves the Ventilation condition of [Alchourrén et al., 1985] for the updates
of consistent complete theories. The other is a handy result about sets of

minimal elements over a given preorder relation.

Lemma 5.5 (Ventilation condition). Let {» be an update function sat-
isfying postulates (U0)- (U9). If K is consistent and complete then for
all ABe L, KOAVB = KOA or KOAV B = KOA or KOAV B =
KOANKOB.

Proof. Assume KAV B is different from K{$A and is also different from
K{$B. We want to prove that KOAV B = KOANKOB. We will show the

double inclusion.

(D). This inclusion follows directly from (U5), which requires that
KOA C Cn(KQAV BU{A}) and KOB C Cn(KQAV BU{B}). Then
KOANKOB C Cn(KQAVBU{A})NCn(KOAV BU{B}). By the rule of
introduction of disjunction into the premises, KOAN KOB C Cn(KQAV
BU{AvV B}) = K{$AV B, using (U0) and (U1).

(). Suppose Cn(K$AV BU{A}) # L and Cn(KOAV BU{B}) # L.
By (U9) Cn(KOAV BU{A}) C KOA and Cn(KOAV BU{B}) € KOB.
Since KAV B C Cn(KQAV BU{A}) NCn(K$AV BU{B}), we have
that KOAV B C KOANKOB.

Now suppose Cn(KQAV BU{B}) =L and Cn(KOAV BU{A}) # L
(the other is similar). Thus, =B € KAV B and by (Ul) A e KAV B.
By (U6) If A ¢ KOAV B and AV B € KOA then KOAV B = KOA,
contradicting our initial assumption.

Finally, suppose Cn(K{$AV BU{A}) = L and Cn(K$AVBU{B}) = L.
By (Ul) AvB e KOAV B. By Cn(KQAV BU{A}) = L, we have that
-A e KOAV B, thus B € KOAV B. But Cn(KQAV BU{B}) = L,
so KOAV B = L. Since K is consistent, by (U3) AV B is unsatisfiable.
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Therefore A, B are both unsatisfiable formulae, and by (Ul) L = K$AVB =
KOA = KOB, again contradicting our initial assumptions. O

Lemma 5.6. Let <, a preorder satisfying the limit assumption, an let X,
Y be L-nameable subsets of W. If min<, (X) C Y then min<, (X NY) =
min<, (X).

Proof. Assume min<, (X) C Y.

(€). Suppose v € min<, (X NY) but v ¢ min<, (X). Then for every
u € XNY, v =y u, but there is some z € X such that z <, v. By the
assumption that min<, (X) C Y, z € Y, s0 z € X NY. By transitivity of
<w, 2 <w v, contradicting the minimality of v in X NY.

(D). Suppose v € min<, (X) but v € min<, (X NY).
Then there is some z € X NY such that for allu € X NY, z <, u
By the assumption that min<, (X) C Y, v € Y, moreover v € X NY.

So z <4 v, contradicting the minimality of v in X. O

Theorem 5.7. Let L be a possibly infinite propositional language, and let
Cn be a classical consequence relation that is compact and satisfies the rule
of introduction of disjunctions into the premises. An operator {» satisfies
postulates (U0)-(U7), (IU8), (U9) if and only if there exists a model M =
(W, {=w: w € W}), where each <, is a total preorder over W centered in
w that satisfies the limit assumption and for any K € IK, A€ L, KA =
KéA.
Proof. [<]. We have to show that the operator 4 satisfies postulates (U0)-
(UT), (IU8) and (U9).

(U0) and (U1). Granted since, by Definition 5.3, [K ¢A] C [4].

(U2). Follows as a consequence of the centering condition.
(U3). Follows by the definition of min on nonempty sets.
(U4).

Obvious from the semantic definition of the update operation.

(U5). We have to show that [K ¢ A|N[B] C [K¢(AAB)]. If [K4A|N[B] =
(), the inclusion trivially holds. Assume [K4A] N [B] # (. Let u be any in
[K¢A] N [B]. Then u € U, ¢px{v € [4] : v is Zy-minimal in [A]} N [B] =
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Uweri{v € [A] N [B] : v is Zy-minimal in [A]}. Let wy € [K] be such that
u is <y-minimal in [A]. That is Vv € [A], u =y, v. A fortiori, u € [A]N[B].
Thus, there is no v € [A]N[B] such that v <, u, so u is indeed <,,-minimal
in [A] N [B].

(U6). Assume B € K4A and A € K4B. We want to show [K4A4] =
[K4B]. [K#A] = U,ex{v € [A] : vis Zy-minimal in [A]}. By the hy-
pothesis that B € KA, [K4A] C [B]. So, by lemma 5.6 [K4A] =
Uweiry{v € [AlN[B] : vis =y -minimal in [A] N [B]}. Similarly, [K4B5]
= Uweri{v € [B] : vis Zy-minimal in [B]}, and by the hypothesis that
A € KB, [K4B] C [A]. Hence, by lemma 5.6 [K4B] = U, {v €
[A]N[B] : vis =, -minimal in [A] N [B]}. Therefore, [K¢A] = [K4B], as

required.

(U7). We have to prove that when [K] is a singleton [K¢A| N [K4B] C
[K4(AVB)]. Assume [K]| = {u}. Then, [K4A]| = {v € [4] : vis <,-minimal
in [A]}, while [K4B] = {v € [B] : v is <,-minimal in [B]}. Furthermore
[K¢(AV B)] ={v e€[AV B]:vis <,-minimal in [AV B|} = {v € [A]U
[B] : vis <y-minimal in [A] U [B]} = {v € [A]J U [B] : v is <,-minimal
in [A] or v is <,-minimal in [B]}. And finally, [K4A] N [K#B] = {v €
[A]N[B] : vis =, -minimal in [4] and v is =<, -minimal in [B]}. Thus,
[KOA|N[K®B] C [K¢(AV B)].

(IU8). Assume [K] = |J;c;[/K;] to show [K4A] = J,c;[/;4A]. By
definition, [K4A] = UwEUieI[Ki]{U € [A] : v is Zy-minimal in [A]} =
Uier(Uweg,{v € [A] s vis =y -minimal in [A]}) = ;e [Ki¢A].

(U9). Assume [K| = {u} and ([K4A]) N [B] # 0. We have to show
[K4¢(A A B)] C [K4A] N [B]. Suppose there is some y € [K4¢A A B] but
y & [K®A]N[B]. Then [K4A] C [-B], contradicting [K4A] N [B] # 0.

[=]. Let ¢ be a change function satisfying (U0)-(U7), (IU8) and (U9). We
will construct a model M = (W, {=,,: w € W}) such that for every theory
K e IK and formula A€ L, KOA = KA.

We start by defining the model M. The domain W will be the set of all
complete consistent theories in the language L. Assume {=,: w € W} is

the set of relations defined by:
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(i.) v =<y w iff there exists A € vNu such that v € [wA] or there exists no
satisfiable A such that u € [w$A).

We will show that M is an update model by demonstrating that each
<w is a total preorder satisfying the centering condition and the limit as-

sumption.

(a) 2y is totally connected. Suppose u Ay v and v A4 u. Then for some
consistent A, B € L, v € [wQA] and u € [w®B]. Then, by Lemma 5.5 we
have that wOAVB = wOA or wQOAVB = wdB or wOAVB = wOANwdB.
Thus one of v or w is in [w{ AV B] contradicting the fact that neither v <, u

nor u =<, v. (Notice that total connectedness implies reflexivity).

(b) 2y is transitive. Suppose u =<, v and v <, z. If there is no satisfiable
A such that z € [wA] then also u =<, z and we are done. Otherwise, v <, z
because there exists C' € u N v such that v € [wC], but then also there
exists B € vN z such that v € [wOB]. Now —-C ¢ K<$B, so by Lemma 5.5
-C ¢ [wdB Vv C. This means that wd((BV C) AC) =wd(B vV O)U{C}
= KOO, Namely [wOC] = [wdOBV C]N[C]. Then [KOC] C [KO(BV CO))
and u € [KO(BVC)]. But BVC € zNw, 50 u =y 2.

(¢) 2w is centered. Suppose v # w and v =<, w. Trivially, from the
postulates, w € [wdT], hence by definition (i.) v =<, w implies there is
some A € v Nw such that v € [wOA]. But this contradicts postulate (U2)
which requires [wQA] = {w}.

(d) That =<, satisfies the limit assumption follows directly from postulate
(U3), which implies that for every satisfiable A, and for every w € W, [w{A]
must be non empty. Then there must be some v € [A] that is minimal in

= such that v € [wOA].

It remains to show that the update function determined by M is . In a
limiting case, when K is the inconsistent theory or when A is unsatisfiable,
KOA and KA agree. We will now prove, for K and A satisfiable, that
u € [KOA] iff u € [K@A] by analyzing the different cases.

Suppose [K| = {w}.

[KOA] C [K#A]. Let v € [KOA]. By postulate (Ul), [KOA] C [4],
so v € [A]. By (i.), for every u € [A], v <, u. Hence, v € {y € [4] :
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y is =y-minimal in [A]}= [K$A].
[K$A] C [KQA]. Let v € [K4A]. By definition of ¢, v € {y € [4] :
y is <y-minimal in [A]}. So for all u € [A], v =, u; thus, by (i.), v € [WA].

The general case, [K] > 1.

[KOA] C [KOA] Let v € [K$A]. By postulate (IUS), if [K] = ;¢ [Ki]
then [KQA] = ;o K OA]

In particular, [K] = J;c;[Ti] for complete theories T;. Thus, v €
Uic/[Ti0A]. Hence, v must be in, say, some [T;(A], j € 1. Then, by
the previous case, v € [I;4A]. Therefore, v € U,ex{y € [4] 1 yis =w
-minimal in [A]}= [K¢A].

[KeA] € [KQA]. Let v € [K#A]. Then, v € Uyely € 4] :
y is =y-minimal in [A]}. In particular, there exists some w € [K]| such
that v € {y € [A] : yis =, -minimal in [A]}. By the previous case,
v € [wOA] But [K] = (J;¢;[Ti] for complete theories T, such that w = T}
for some j € I. By postulate (IU8) we obtain that when [K] = (J;c;[Ki],
[KOA] = [T30A] U (Ujer iz [TiOA]). Hence v € [KOA] O

Katsuno and Mendelzon’s characterization results based on partial orders as
opposed to partial pre-orders also lift to the infinite case, replacing postulate
(U8) with postulate (IUS).

5.5 Properties

Keller and Winslett’s [1985] first insightful distinction about two fundamen-
tally different operations has been taken as a fundamental one in theory
change. In what sense are revision and update so fundamentally different
operations? AGM expansions, revisions and contractions are also different
operations from one another, but not fundamentally so. Revisions and con-
tractions are interdefinable, and in a limiting case, expansions and revisions
coincide. Most importantly, all AGM functions can be understood in the
same semantic framework. However, revision and update have been given
different types of semantics. Update has a characteristic pointwise seman-

tics that appears in no representation of the AGM functions. Namely, AGM
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revision has been recast as some ordering over maximal non-implying sets,
entrenchment orderings, plain systems of spheres and safe hierarchies; all
single global orderings. In Chapter 6 we will show that it is indeed possi-
ble to define the AGM operation operation based on the update semantic
apparatus.

Among the formal distinctions between revision and update, we have
observed that updates have been defined over propositional languages while
revisions are for general languages. But, nothing crucial relies on this dif-
ference, since we have shown that it is possible to characterize the update
operation for infinite languages. A very important difference is that, in
contrast to AGM revision, update is a binary function that imposes some
constraints on the update of distinct theories. As a result an update function
can not be defined as an arbitrary family of unary functions.

Another difference is how they deal with the inconsistent theory. In the
update setup the inconsistent theory is a sink from which the change func-
tion cannot escape. In contrast, the revision of even the inconsistent theory
should be consistent as far as the new information is (by postulate (K*5));
i.e. revision can recover from inconsistency, update cannot overcome it. Fi-
nally, following the ideal of minimal change, a consistent revision always
coincides with an expansion (by (K*3) and (K*4)), which does not hold for
update.

Katsuno and Mendelzon have defined a notion of erasure as a counterpart
for the notion of AGM contraction. Erasure and update (over theories) are
interdefinable via the Levi and Harper identitis: K + A = K N K$A and
KOA = (K +-A) + A, where + as the standard expansion function. Our
first observation indicates that the update operator is not permutable, since

the update operation does not overcome the inconsistent theory.
Observation 5.8. <> is not permutable.

Proof. For K a consistent theory such that - A in K, K ——-A=KNK{A
is a consistent theory, such that -A ¢ K + —A.

However, (K + A) equals L, the inconsistent theory, and applying the
Harper identity, L + -4 = LN (LO—A)= L.

Therefore, (K +~-A)+ A # (K + A) + -A. O
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A fundamental property relates the update of two theories: the update
function is monotone with respect to its first argument, the second held
fixed. Monotony is a direct consequence of postulate (IU8) and the fact
that ¢ always returns a theory, i.e., KA = Cn(KQA).

Observation 5.9. < satisfies Monotony.

Proof. Assume K C H. Then K = KNH. By (IU8) K A= KOANHOA C
HOA. O

Let’s notice that postulate (U8) is exactly the Intersection property of
section 3.3. Consequently, { validates Weak Intersection and D-ventilation.

The update function does not validate Union, Weak Union, Elimination,
nor Commutativity. We write the properties putting a generic function
o:IK xL— IK.

Observation 5.10. There exist update functions violating each of
(Union) Cn(K1UK3)oA=Cn((K;0A)U(Kz0A)).

(Weak Union) If -A € K; N Ky, then Cn(K; UK3)oA=Cn((Kj0A)U
(Ko 0 A)).

(Elimination) (Ko A)oB =K o(AA B).

(Weak Elimination) If =B ¢ Cn(A), then (Ko A)oB =Ko (AAB).
(Commutativity) (K oA)oB = (K oB)o A.

(Weak Commutativity) If =B ¢ Cn(A), then (Ko A)o B = (K oB)o A.

Proof. Let L be a propositional language based on just two propositional
letters A and B. Let K = Cn(—=AA—-B). K; = Cn(—A) and K» = Cn(—B).
Suppose [A] = {w1, w2} and [B] = {w1, w3}

Let’s first prove that the update function fails Union. Let <> be any one
satisfying the following pairs of the respective centered preorder relations;
let wy <y, w2, w2 <y, w1 and wa <y, w1.

Therefore, [K] = {ws} and [KOA] = {w1}. But [Cn(—A)OA] = {wi, wa}
and [Cn(—B){QA] = {wa}. Thus, { does not satisfy Union since, Cn(K; U
K2)OA # Cn((K10A) U (K20A4)).

The same example shows that {» does not satisfy Weak Union. To see
that the function does not validate Commutativity, let ¢ be an update

function such that ws <, w1, W1 <w, wa and let [K] = {wa}.
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Then [KQA] = {wa}, [KOAOB] = {ws}, [KOB] = {ws} and [KOBOA] =
{wl}. Thus, K$AOB # KOBOA. This example also shows that KOAOB #
K{O(AN B), since [KO(ANA B)] = {wi} and [KOASB] = {ws}. O

Interestingly < fails (Or-Left) but satisfies (Or-Right).

(Or-Right) If D € (KoA)oC and D € (Ko B)oC then D €
(Ko(AVB))oC.

(Or-Left) If D € (Ko(AVB))oC then D € (KoA)oC or D € (KoB)oC.

Observation 5.11. < validates Or-Right but fails Or-Left.

Proof. (Or-Right). Assume (1) D € (K$A)OC and (2) D € (KOB)OC.

[KGAV Bl = Uye{v € [AV Bl :v € ming, ([AV B])} =

Uversg {0 € [] U[B] : v € minc, ([4] U[B])} =

Unepry v € [A] : v € mins, ([4] U [B]) U

e v € [B] : v € minz, (4] U [B)}.

Since U, (i {v € [4] : v € minz, ([A]U[B])} € [K$A], and

Unetsafo € [B] v € minz, (4] U [B)} € [KOB],

we obtain that [K$AV B] C [KOA|U[KOB].

[(KQAVB)OCT = Uyeiroavpiv € [C] v € minz, ([C])} € Uyperoaive
[C] :v€emin<, ([C])}U

Uwerron (v € [C] v € ming, ((C])}-

By (1) Uwerroa{v € [C]: v € ming, ([C])} € [D],

and by(2) Uyexop{v € [C] : v € minz, ([C])} € [D].

Therefore, (KA V B)$C| C [D].

(Or-Left). Let L be a propositional language based on four propositional
letters A, B,C and D. Let K = Cn(—AA-BA-C) = ws Nwg. wy =
Cn(AAN—=BACAD), wg = Cn(wAABACAD), and ws = Cn(AABACA-D),

Let’s prove that the update function fails Or-Left. Let < be any one
satisfying the following pairs of the respective centered preorder relations;
let wy <, w; for all 4 # 5,6, wg <y w; for all ¢ < 6, and w3 <, w; for all
1 # 2,5, w3 <y, w; for all ¢ # 9,6.

Therefore, [K] = {ws,ws} and [KO(AV B)] = {wa, wg}. Since wa,wg €
[C] and w2, wg € [D] then [KO(AV B)OC] = {wa, wy} and D € KO(AV
B)$C.
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On the one hand [KQA] = {we, ws}. Since wy, w3 € [C], [KOBHC| =
{wga,ws}. Since ws & [D], D & KOADC.

On the other hand [K{B] = {ws, wg}. Since ws, wg € [C], [KOBHC] =
{ws,wy}. Since w3 & [D], D ¢ K$BOO. O

Let’s turn our attention to Lehmann’s postulates for iterated change. The
postulates that deal with iteration are not validated by the update operation.
(I1) K o A is a consistent theory.
(12)
(I3) If Be Ko A, then AD B € K.
(I4) If Aec K then KoBjo...oB,=KoAoBjo...oB, forn>1.
(I5) If A € Cn(B), then Ko AoBoBjo...oB,=KoBoBjo...0oB,.
(I6) If =B ¢ KoA then KoAoBoBjo...0B, = KoAo(AAB)oBjo...0B,.
(I7) Ko=-Bo B C Cn(K U{B}).

Observation 5.12.
i) All update functions satisfy I1, 12, 13, 14.
ii) There exist update functions violating I5, 16 and I7.

Proof. The violation of I5, I6 and 17 can be proved by constructing a coun-

terexample.

I1, 12, I3, 14 follow from postulates (U0)-(U5). O
Updates do not validate any of the postulates of [Darwiche and Pearl, 1997].

Observation 5.13. There exist update functions violating each of
(Cl) If Ae Cn(B) then (Ko A)oB =K oB.
(C2) If A € Cn(B) then (Ko A)oB =Ko B.
(C3)If Ae Ko B then A€ (KoA)oB.
(C4) If ~A ¢ Ko B then “A¢ (KoA)oB.
(C5)If -Be KoAand A¢ Ko B then A¢ (Ko A)oB.
(C6) If -B€ KoAand A € Ko B then A € (KoA)oB.

Finally, we observe that the update function validates none of the postulates
associated to iterative schemes.

(T) KoAoB=KoB.

(C) If -BeKoA,then KoAoB=KoB.
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(I) KoAoB=Ko(AAB)
(M)
KoB , if =B € Cn(A)

KoAoB=
Ko (ANB) , otherwise.

Observation 5.14. There exist update functions violating (T'),(M),(I) and
(©).

The set of properties validated by update functions are summarized in the

table of appendix A.
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Chapter 6

Analytic AGM Functions

In this chapter we will provide a new presentation of AGM revision based
on the update semantic apparatus, a pointwise semantics for revision. Our
strategy will be to define a new semantic operation as a variant of the
update operation that we will dub analytic revision. The key idea is that for
each theory K we will define a preorder relation obtained from the indexed
relations of an update model. We will show that our analytic revision is a

binary AGM function, that inter relates the change of distinct theories.

Theorem 6.13 is the main theorem of this chapter, and provides a char-
acterization of analytic functions as those AGM functions satisfying (K*1)-
(K*8) plus two new postulates, (K+3) and (K«V), governing the revision of

different theories.

This study builds on our initial work in [Becher, 1995b]. In that paper
our current analytic function was called a “lazy update” reflecting that it
was semantically defined as a variant of the standard update operation. Lazy
updates were just defined for finite languages and we proved they satisfy all

AGM revision postulates.

The independent work of Schlechta, Lehmann and Magidor’s “Distance
Semantics for Belief Revision” [Schlechta et al., 1996] turned out to be re-
lated to ours. Notably, their revision function based on distances and our
analytic revision function are definitionally equivalent, modulo some con-
siderations over the formal structures they are based on. Our work extends

and continues theirs in several respects. We consider an infinite language

81
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and we obtain characterization results for functions built over non symmet-
ric distances —a question left open in [Schlechta et al., 1996]. Also novel
in our work is the definition of AGM revision in the update semantic struc-
ture, which allows us to connect these two seemingly incomparable forms of

theory change.

6.1 Analytic Revision Functions

Our aim is to define the AGM revision function in the semantic framework
of update. Consider a theory as a set of possible scenarios. Katsuno and
Mendelzon’s operation can be calculated by means of a case analysis over the
set of complete scenarios compatible with the original theory. First, for each
case find out its closest outcome that accommodates the new information;
then take as the overall result what is common to all outcomes. Even though
for each case the closest outcome entailing the new information is selected,
some outcomes could be relatively implausible. Could we have a measure
to determine when one outcome is more plausible than another? What
is a sensible notion to compare outcomes? We suggest that one outcome
is more plausible than another when it is at a “closer distance” from the
theory under change. We shall first formalize a notion of distance we will
be concerned with, and then define a new operation that picks as a result of
the change just the outcomes that are minimally distant. We will call this
operation an analytic revision.

A distance is a binary function f : X x X — D, such that X is a set
and D is a totally ordered set with minimal element, at least satisfying that
f(z,y) = min(D) iff z = y (centering). Since we seek the connection be-
tween revision and update, we are interested in a notion of distance that
corresponds to the preorders of update models. Boutilier (personal commu-
nication) has provided a good rational for non-symmetric distances: “The
lack of symmetry seems certainly appropriate when the ordering mirrors
exogenous change; for instance, it is quite easy to break an egg while it is
hopeless to put it back together.”

Assume L is a possibly infinite propositional language, and W is the set

of all its maximal consistent sets. Let’s recall Definition 5.3. An update
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model is a structure M = (W, {=<,,: w € W}), such that each <, is a total
preorder over W satisfying the centering condition and the limit assumption.

It is possible to recast an update model into a model based on distances,
just considering that the totally ordered set D complies with the limit as-
sumption. It is clear how each total preorder in the update model induces

a function d,, such that all the information encoded in =, is placed in
dy : W — D.

v S w1 diy (V) < dy ().

The centering condition establishes a restriction on the possible values of

the functions. Let’s denote the minimum element in D with 0. Then,
(centering) d,,(w) = 0 and for every v € W such that v # w, dy(v) > 0.

For each indexical total preorder =<,, the limit assumption requires that for
each L-nameable set (by a single formula) [A] there exists some <,,-minimal

elements of [A].

(limit assumption) For each x € W, for each [A] C W, there are y € [A]
such that Vy' € [4], d.(y) < d.(v').

The update of K by A is defined as:

KOA=Th( | {ve[A]: du(v) = du([A]}).

we[K]

Just for convenience we give the following

Definition 6.1 (Distance between two points). Let an update model
M = (W, {dy : w € W}) be given. We define the distance function d : W x

W — D between pairs of worlds v, w as the value of w in d,: d(v, w) = d,(w).

Since functions d,, obey the centering condition, the distance d from a point
to itself is the minimum in D and the distance from a point to every other
point is greater than the minimum. The function d also validates the limit
assumption, in the sense that the distance from any point to a nameable set

is always defined.
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We shall extend the above definition to distance between sets, as the
result of a double minimization. The definition of d : P(W) x P(W) — D
covers the limiting case of the empty proposition in a way that will be

convenient.

Definition 6.2 (Distance from a set to a set). Let d be a distance
function obtained from an update model (W, {d,, : w € W}). Let X, Y be
subsets of W. Let f: W — D be any function assigning values greater than

the minimum. We define

minge x mingey {d(z,y)} , if X, Y #0.
d(X,Y) =14 mingey{f(y)} X =0,V #0.
0 Y = 0.

From now on we assume the extended distance function and, abusing no-
tation, we will write singleton sets without braces, i.e. we will write d(u,v)
instead of d({u},{v}). As before, notice the lack of symmetry: in general
d(X,Y) is different from d(Y,X). Furthermore we will directly consider
models M = (W, d) instead of the indexical models as we can straightfor-
wardly move from one to the other. We are ready now to give the formal

semantic definition of analytic revision.

Definition 6.3 (Analytic revision). Let M = (W,d) be a model and
X,Y C W, then the analytic revision e : P(W) x P(W) — P(W) is defined
as

XeoY ={ycY :dX,y) =dX,Y)}

The syntactic counterpart taking as arguments a theory and a formula,

o: K x L — IK is simply

KeA = Th([K] e [A]).

6.2 Connections

6.2.1 Analytic Revision and Update

The fundamental semantic difference between analytic revision and update

is that the analytic operation relies on two minimizations while the update
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on just one. As a direct consequence an analytic revision ignores some of the
possible outcomes that an update would consider. Then the theory resulting
from an analytic revision is at least as informed as that of an update.

The following example suggested by Makinson (personal communication)
illustrates the relation between analytic revisions and update. Let W =
{w1 — w8} and d(w;, w;) = [i — j|. Let X = {w; :iis even } and ¥ = {w; :
i is divisible by 3 }.

X\Y |ws ws
w9 1 4
Wy 1 2
We 3 0
ws 1 4

XY = {w3,ws} while X oY = {ws}.

Observation 6.4. If K is consistent, KA C KeA.

Proof. Let X = [K] and Y = [A]. We want to show that X Y is included in
X Y. Suppose y € X oY. Then min,cx{d(z,y)} = mingex yev{d(z,y)}.
Fix a value zp of x € X such that d(xo,y) = mingex{d(x,y)}. Then
d(zo,y) = mingex,ey{d(z,y')}. Hence d(zo,y) = mingecy{d(zo,y')}.
Hence y € X Y. O

The reason for this observation being relative to the consistency of K is
that the update function of the inconsistent theory results in the inconsistent
theory. In contrast, analytic revision overcomes inconsistency. The following
result asserts that when the theory is also complete the two operations

coincide.
Observation 6.5. If K is consistent and complete then KeA = KA.

Proof. The proof is quite trivial. Let K be consistent and complete, so its
proposition is a singleton [K| = {u}.

Then, [KQA] = Ujep{w € [4] : di(w) = di([A])} = {w € [A] : du(w) =
du([A])} = {w € [A] - d([K], w) = d([K], [A])} = [K] e [A]. O
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We establish precisely the connection between analytic revision and update,

generalizing the two results above.

Observation 6.6. Let K be a consistent theory and (W, d) a structure for
the update operation <. Then for every formula A there exists a consistent
theory K’ O K such that KeA = K'$A. In particular, K’ may be chosen
as Th({w € [K] : d(w, [4]) = d([K],[A])}). (Notice that K’ depends on A.)

Proof. By Observation 6.4 we know that taking K’ = K provides us with a
theory that is too weak to satisfy the observation. Let’s study this in detail.
If A is a satisfiable formula, [A] # 0, so [K{$A] is not empty.
By definition [KQA] = Uy epri{v € [A] 1 duw(v) = dw([A])} =
Uneti v € [A4]: d(w, ) = dw,[4])} =
U{{v € [4]: d(w,v) = d(w, [A])} : w € [K] and d(w, [A]) = d([K], [A])}

U
Ul{v € [A]: d(w,v) = d(w, [A])} : w € [K] and d(w, [A]) > d([K], [A])}.
Thus, [K'] should be chosen as [K'] = {w € [K] : d(w, [A]) = d([K], [A])}
in which case K'0A = Ko A. O

The next lemma states that when a formula is consistent with the theory,
the analytic revision operation is just the addition of the formula to the

theory.
Lemma 6.7. If A is consistent with K, then KeA = Cn(K U {A}).

Proof. Assume A is consistent with K. Then [K]N[A] # (. By the centering
condition d([K],[A]) = 0 and for any v ¢ [K|,d([K],v) > 0. Then by
Definition 6.3, [K] e [A] = {w € [4] : d([K],w) = 0}. Thus, [K]e[A4] =
[K] N [A] O

In spite of the technical connection it is not surprising to find out that

the analytic revision is not an update operator.

Observation 6.8. e satisfies (U0)-(U7) and (U9), fails (IU8) and fails

monotony.

Proof. Let’s see first that e satisfies (U1)-(U7) and (U9).
(U0) and (U1) are granted since by Definition 6.3, [K] e [A4] C [A].
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U2) follows as a direct consequence of Lemma 6.7.

(U2)

(U3) is a consequence of the limit assumption of d.

(U4) is obvious from the semantic definition of analytic revision.

(U5).

tulate (K*7). We have to show that ([K]e [A]) N [B] C [K]e[AA B]. If
([K] e [A]) N [B] = 0, the inclusion trivially holds.

Assume ([K] e [A]) N [B] # (. By Definition 6.3, ([K] e [4]) N [B] =

Notice that this postulate corresponds to the AGM revision pos-

{w e [A] - d([K],w) = d([K],[A])} N [B] = {w € [A]N[B] : d([K],w) =
d([K],[A])}. Also, [K]e[(AAB)] = {w € [A]N[B] : d([K], w) = d([K],[A]N
[B])}-

Suppose for contradiction that (1) u € ([K] e [A]) N [B], and (2) u ¢
[K] e [(AA B)]. From (1) we obtain (3) u € [A] N [B]
rewritten as (2) u & {w € [A] N [B] : d([K], w) = d([K],[A] N [B])}.

Then by (2’) and (3) we obtain (4) d([K],u) > d([K],[A] N [B]). By
(1) we have that d([K],u) = d(|K], [A]), and (3) assures that u € [A] N [B].

Hence we obtain d([K],u) = d([K], [A] N [B]), contradicting (4).
(U6) Assume B € KeAand A € KeB. Since d([K], [A]) = min,¢ g miny e a{d(z, )},

, while (2) can be

there exists v € [K] e [A] such that d([K],v) = d([K],[A]). Similarly, there
exists w € [K] e [B] such that d([K],w) = d([K], [B]).

Since [K| e [A] C [B], then d([K],[4]) = d([K],v) > d([K],[B]). Also
since [K] e [B] C [4] d([K],[B]) = d([K],w) > d([K],[A]). We obtain
d([K],[A]) = d([K],[B]) = d([K],[A]), thus, d([K],[A]) = d([K],[B]). We
conclude, [K] e [A] = [K] e [B], as required.

(U7) Assume [K] = {u}, then distance from [K] is exactly distance from
uw and d(u,[AV B]) = d(u,[A] U [B]) = min{d(u, [4]),d(u, [B])}. Without
loss of generality assume d(u, [4]) < d(u, [B]). Then [K]e[AV B] = [K|e[A];
hence, ([K] e [A]) N ([K]e[B]) C[K]e[AV B].

(U9) Notice that this postulate is a particular case of the AGM revision
postulate (K*8). We have to show that if [K] is a singleton and ([K] e
[A]) N [B] is not empty then ([K]e[A A B]) C ([K] e [A]) N [B]. Assume
(1) ([K] e [A]) N [B] # (. Then there is some z € [A] N [B] such that
d([K], [A]) = d([K], z).

Suppose (2) [K] @ [A AN B] € ([K] e [A]) N [B]. Then there is some
u € [K]e[AAB] but u ¢ ([K] e[A]) N[B]. By (1) and (2) we obtain (3)
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d([K],[A A B]) = d([K],u) > d([K],[A]). By Definition 6.3 and (3), for
every w € [A], if d([K],w) = ([K], [A]) then w € [A] U [-B], contradicting
(1). Notice for later use that for this proof we have not made use of the
hypothesis that [K] is a singleton.

To prove that e fails postulate (IU8) suffices to to provide witnesses to
(XUY)eZ # (XeZ)U(YeZ). Let X,Y,Z C W non-empty, such that
XNZ=0and YNZ#(Q. Hence (XUY)NZ =Y NZ#0.

By Lemma 6.7.Y ¢ Z=Y NZ and (X UY)e Z = (XUY)NZ =Y NZ.
Therefore, (XUY )eZ = YeZ. From postulate (U3) proved above, X eZ £ ().

Since X e Z may not be included in Y e Z, (U8) may not be satisfied.
For instance let X = {z} C[AA-B], Y ={y} C[ANBAC|, Z =[B], and
let v € [BA~C]. Let d be a distance function such that d(z,v) = d(z, [B]).
Then, v € X @ Z and Y ¢ Z = {y}. Thus, (X UY) e Z is different from
(XeZ)U(YeZ).

That e fails monotony can be proved using the same strategy of Obser-

vation 2.1. O

The analytic revision operation relies only on those possible worlds that
regard the change as minimally distant from the theory under change. Then,
if possible, the analytic revision will understand new information as having
caused no change at all, a mere confirmation of what already was a possibility
in our picture of the world. This behaviour has been stated as Lemma 6.7
and is shared with AGM revision. In the next section we will show that

AGM revisions and analytic revisions are indeed connected.

6.2.2 Analytic Revision and AGM Revision

First we will note that the analytic revision function e satisfies the AGM
postulates (K*1)-(K*8).

Theorem 6.9. e is a revision operator satisfying (K*1)-(K*8).

Proof. Most postulates follow directly from Definition 6.3 or from Lemma 6.7.
(K*7) and (K*8) have been proved as postulates (U5) and (U9) respectively,
in Observation 6.8. O
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It is important to remark that the key idea behind an analytic revision
is to define a meaningful distance relation between sets in terms of the
functions d,, (which in turn were obtained from the ternary relations <,).
For example, a candidate distance from a theory K could have been any
arbitrary d,. But it is evident that the change operation this approach

would induce does not satisfy the complete set of AGM revision postulates.

Observation 6.10. Assume L a language with at least two propositional
letters, K an incomplete theory of L, v € [K] a single element of W and
d, a function for v satisfying the centering condition. Let o be a change
operation for K defined as K o A = Th({y € A : d,(y) = dy([A])}). Then o
satisfies (K*1),(K*2),(K*5)-(K*8) but in general fails (K*3)(K*4).

Proof. (K*1),(K*2),(K*5)-(K*8) have identical proofs as those in Theo-
rem 6.9.

(K*3). Since we assume K is not complete then there is a formula A
such that A,—A ¢ K. Then, either v € [A] or v € [~A]. Without loss of
generality, suppose v € [~A]. Then, there is some = € [K] N [A]. We show
a counterexample to (K*3) such that « ¢ [K o A]. Since L has at least two
propositional letters, there is some u € [A], u # z. Let d,(u) < dy(z). Then,
r & [KoA]={yel[4]:dy(y) =dy(A])}, as x is not a minimal element in
d, satisfying A.

If we add to the the previous counterexample that u ¢ [K] and d,(u) =
dy([4]), then postulate (K*4) also fails as u € [K o A] but u ¢ [K|N[A]. O

Distance from theory K becomes the standard ordering used in the semantic
presentations of AGM revision (a world w is as close as v from theory K if
and only if the distance from [K] to w is not greater than the distance from
[K] to v).

6.3 Representation Theorems

The question whether we can characterize the family of AGM unary func-
tions corresponding to a given analytic operation remains. We are looking

for the postulates that link the behaviour of revision of different theories.
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In the case of a finite propositional language the needed postulate the D-
Ventilation condition that we introduced in Chapter 3 as the dual to the

Ventilation condition, which we now name
(K*fin) (KiNKy)*xAe{KixA Kox A (K1 xA)N(KyxA)}.

(K*fin) forces a constraint between the revision of a theory and the revision
of theories in which it is included. This property appears in [Schlechta et
al., 1996] as a condition that revisions based on non-symmetric distances
satisfy. We can indeed show that in a finite language, (K*1)-(K*8) and

(K*fin) completely characterize analytic revision functions.

Theorem 6.11. Given a finite propositional language L, an operator x
satisfies postulates (K*1)-(K*8) and (K*fin) if and only if there * is an

analytic revision function.

Proof. («). By Theorem 6.9 we know that e validates (K*1)-(K*8). We
shall verify that e also validates (K*fin).

Let M be any model for e, M = (W,d), A any formula of L and K any
theory of L such that K = K7 N K> for theories K1, K.

We have to show that in model M, [KeA] € {[K 0A4], [K0A],[(K18A)]U
(K28 A)]}.

By Definition 6.3 [KeA] = {v € [A] : d([K],v) = d([K],[A])}. Also
by definition, d([K],v) = d([K1] U [K2],v) = min{d([K1],v),d([K2],v)} and
A(K], [A]) = d([Ki] U [, [A]) = min{d([F1], [A]), d([Ea), [A])}.

Then either d([K7], [A]) < d([K: ] [A]) and KeA = K8 A, or d([Ks], [A]) <
d([K1],[4]) and KeA = Ky A, or d([K1],[4]) = d([K2], [A]) and then KeA

= Kje AN KoeA.

(—). Let x : IK x L € IK be an AGM revision function satisfying
(K*1)-(K*8) and (K*fin). By Grove’s result, there is a family of systems of
spheres, one S for each K € IK, that represents *. As usual, let’s take W
is the set of complete, consistent theories of the language. Since we are in a
finite language W is finite. By Observation 2.17 each S¥ induces a family
of functions dx on W into D satisfying the centering condition.

We want to prove that this family of functions can actually be obtained

from a single distance function d : W x W — D, i.e. the semantic framework
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of analytic revision.

Take the following model, M = (W, d), where d is defined as d(w,v) =
dy(v), for d, a function characterizing the behaviour of * when taking w
fixed as first parameter (recall that w is a theory of L, a complete theory
of L). Also d(0,v) = dy(v). We extend d to a function on sets as we did
before, by means of the min function. We now proceed by induction on the
size of K.

Clearly, if K is empty or a singleton, K * A = KeA, by definition of d.

Suppose K is not a singleton.

[KeA C K xA]. We want to show that if w € [K % A] then w € [K] e [A].
Clearly, KeA = K x A for [K| a singleton or [K] the empty set.

Assume [K] = {z1,...,2,}, v € [KxA] and v € [KeA]. Since * validates
(K*fin) and K is finite, then there must be some x in [K| such that v € [xxA].
Let IN = {z € [K] : v € [z * A]}. Also, by Definition 6.3 there must exist
some y € [K] such that d(y, [A]) = d([K],[A]). Then v &€ {y} ¢ [A]. Hence
v [y*A]. Let OUT ={y € [K]: v & [y x A}

Consider the following sets of two elements, {y1,y2} € OUT, then triv-
ially, by an application of (K*fin) v ¢ {y1,y2} * A. Take now {z,y} such
that x € IN and y € OUT, then either

(1) d(z, [A]) < d(y,[A]) or

(2) d(z, [A]) = d(y, [A]) or

(3) d(z, [A]) > d(y, [A])-

But (1) is impossible since z,y € [K] and d(y, [A]) = d([K],[A]). If
(2) holds then, (using that v € [z * A]), d(y,[4]) = d(x,v). Therefore,
v € [K] e [A], contrary to our assumption. Then (3) should be the case for
any pair z, 3. According to our definition of d, ¢¥}(A4) = c{#¥}(A) and
7 (A) # =¥ (A). Hence {z,y} * A =y * A, therefore, v & {x,y} * A.

Now we are almost done. Notice that by pairing elements of IN with
elements of OUT we can “delete” the elements of IN from [K]. Le. let
z € IN, y € OUT and write [K] as {z,y} U ([K] \ {z}), then applying
(K*fin) v € [Th([K] \ {z}) = A]. Because IN is finite, we will finally have
v € [Th(OUT) % A]. A contradiction.

[Kx A C KeA|. Let u € [KeA| and let x € [K] such that d([K], [4]) =
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d(xz,u). Then u € [z * A]. Also, because K is finite, by repeatedly applying
(K*fin) we have [K % A] = |J[T; * A] for some complete theories T; extending
K. If x = T; for some ¢ we are done. Suppose u ¢ [T; * A] for any T;. We
now use again (K*fin) and comparison of pairs to arrive to a contradiction
(write [K] = {z, T; }U([K]\{T;}) and consider K« A C Th({z,T;})* A must
hold for each T;). Full details are given for the case of infinite languages in
Theorem 6.13. O

The theorem proves that, for finite languages, analytic revisions are indeed
AGM transitively relational partial meet revisions that validate (K*fin). It
is nice to visualize that analytic revisions are characterized by the basic
AGM postulates (K*1)-(K*6) plus the two dual “factoring” conditions, the
Ventilation property of [Alchourrén et al., 1985] and (K*fin). Let’s recall
that the Ventilation property on revisions is equivalent to the conjuntion
(K*7) and (K*8) and provides a factoring on the revision of a disjunction

from a theory:

(Ventilation *) Forall A, B € L, Kx(AVB) € {K+A, KB, (K« ANK*B)}.
(K*fin) For all K1, Ky € IK, (K1 NKy)xAe {K1xA Kox A (K1 xA)N
(Ko x A)}.

The representation result for the general case is slightly harder. Postulates
(K*1)-(K*8) and (K*fin) do not fully characterize the ® operation in a lan-

guage with an infinite number of propositional letters.

Observation 6.12. Consider an infinite propositional language L. Postu-

lates (K*1)-(K*8) and (K*fin) do not fully characterize the ® operation.

Proof. Given a propositional language L with an infinite but countable num-
ber of propositional letters we will exhibit a function * satisfying postulates
(K*1)-(K*8) and (K*fin) for which there is no model M = (W, d), satisfying
that VK € IK, VA€ L, K * A = KeA. We define * semantically as follows.
Let K € IK, A€ L and v € [A], then

[K]N[4] , if [K]N]A] #0.
[K*Al=4 {v} , if [K]N[A] = 0 and [K] is finite.
[A] , if [K]N[A] =0 and [K] is infinite.
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For each incomplete theory K € IK such that [K] has a finite number of
elements (i.e., there are only a finite number of maximal consistent sets
extending K), then let xx be a fired AGM maxichoice revision function for
K always returning one and the same maximal consistent set of A. And
for each incomplete theory K € IK such that [K] has an infinite number
of elements then let xx be the full meet revision function for K, namely
K x A= Cn(A).

Clearly # validates (K*fin). If [K] is finite it is easily verified. If [K] is
infinite, for any theories K7, Ko such that K = K1 N Ko, either [K;] or [K3]
are infinite. Then either K1 * A = Cn(A) or Ky % A = Cn(A), as required.

Suppose for contradiction that there is a model M = (W,d) such that
for every K € IK, for every A € L, K« A = Th({y € [A] : d([K],A) =
d([K],9)})-

According to our definition of #, for every theory K such that [K] is
finite, if [K] N [A] = 0 then [K % A] = {v}. Therefore d must verify that
Ve € W d(x,z) = 0; Ve, w € W,w # v, d(z,v) < d(x,w).

For any [K]| such that [K]| N [A] = 0, Then 0 < d([K], [A]) = d([K],v),
since for each x € [K], d(x,v) = d(x,[A]). Then [K x A] = {y € [A] :
d([K], A) = d([K],y)}= {v}. This contradicts the case when [K] is infinite,
because according to our definition [K x A] = [A]. O

(K*fin) gives us the following insight: when performing the analytic
revision of K by A, we should hear the opinions of the theories to which K
can be extended. If we now turn to the way e is defined given K and A, we
see that we can always identify an element w of [K] which is responsible for
defining d([K], [A]). Then [K]e[A] is obtained as the subset of [A] standing
at the same distance from [K] as w is. These complete theories are clearly

the ones we should pay attention to. Following this intuition we propose:

(K+3) K xA=[\(T; x A), for some complete theories T; extending K.

(K«V) If K C K' C T, for T a complete theory then, for all A, KxA C TxA
implies K * AC K'« ACT x A.

(Kx3) claims there are some complete theories — “the intended interpre-

tations” of our theory — that determine the result of the revision. (KxV)
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expresses the primacy of these complete theories and establishes a restricted
form of monotony for the * operator. In particular, if our theory K is re-
garded as an intersection of two larger theories K and Ky, then (Kx3) and
(K«V) constrain the revision of K in terms of the other two. By (K«+3) the
revision of each K is guided by some complete theories. These complete
theories either extend Kj or Ky or both. Then, by (KxV) the revision of K
is included in the revision of K or in the revision of K5, or both. Notice
that, in the presence of (K*1)-(K*8), the postulates (K+3) and (K«V) imply
(K*fin).

We now prove that the eight AGM postulates plus (Kx3) and (K«V)
completely characterize the analytic revision operation. This is the most

important result in this study.

Theorem 6.13 (Representation Theorem, general case). An operator
* satisfies postulates (K*1)-(K*8), (K+3) and (K«V) if and only if there exists
a model M = (W,d), where d is a distance function and for any K € IK,
AeL KxA=KsA.

Proof. We have proved in Theorem 6.9 that e satisfies postulates (K*1)-
(K*8). That e validates (Kx3) follows immediately from Definition 6.2,
since min requires the existence of elements in [K] such that their distance
to [A] is minimal. e also validates (K«V) since for any Y if € [K] and
d([K],Y) = d(z,Y) then d(z,Y) = min,cg{d(2,Y)}. Therefore, for all
X C [K], if # € X then d(X,Y) = d(2,Y) and d(X,Y) = d([K],Y) as
required. This proves the right to left implication.

Let’s see the left to right part. Let % be a change function satisfying
(K*1)-(K*8),(K«3) and (KxV). We will construct a analytic revision model
M = (W, d) which corresponds to e.

We have to show that VK € IK,.VA € L, K x A = KeA.

We start by defining the model M. The domain W will be the set of
all complete theories in the language L. To define the distance function d,
let {SX} be the family of systems of spheres corresponding to *. If S&
is a given system of sphere we note as S’iK a particular element of it, and
for a given formula A, ¢/(A) is the minimal sphere in S® with nonempty

intersection with [A].
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As before, we start by determining the value of d for elements in W and
then extend the function to subsets of W as in Definition 6.2. Any function
d:P(W) x P(W) — D satisfying the following restrictions is appropriate.

i. Vo e W, d(v,v) =0.

ii. Yo, u,m,d(v,u) < d(v,m) iff 357,54 € SYu € SY,m € S§&ST C SY.

ili. Vo, u,m,d(v,u) = d(v,m) iff VS} € S'u € Sy & m e S}.

iv. d({z,y}, X) = d(z, X) iff #H(X) = c{zv},

v. d(z, X) < d(y, X) iff (X)) = l#¥}(X) and W} (X) #£ =9} (X).

vi. d(z, X) = d(y, X) iff #H(X) U V(X)) = l2vd(X).

vit. Yo, u,m,d(0,u) < d(0,m) iff 359,89 € S% € §Y m e S9&S? < SY.

It is clear that by case (vii), when K is the inconsistent theory K x A
and KeA agree. Furthermore if [A] = (), by (K %5), K * A = L, and also
KeA = L by definition. We will now prove, for K and A consistent, that
u € [K * A] iff u € [KeA| by analyzing the different cases.

Suppose [K| = {v}.

[KeA C K x A]. Let u € [K = A], to prove (1) u € {w € [A] : d(w, [A]) =
d(v,w)}. Let m € [A] be such that d(v, [A]) = d(v,m), then (1) is equivalent
to (2) d(v,m) = d(v,u). By (ili) we have to prove that for all Sz{v} €
St} u e SZ-{U} &S m e Si{v}. As d(v, [A]) = d(v,m) then m € ¢V} (A). Let
S be any. 1f ¢} (A) € SIF then both m and u are in S{. 1 S ¢
ctv}(A), then u ¢ Si{y}. Suppose m € Si{v}, but then d(v, [A]) > d(v,m), a
contradiction.

[K x* A C KeA]. To prove the other inclusion, let u € [A] and suppose
d(v,m) = d(v,u) for m € [A] such that d(v, [A]) = d(v,m). Suppose u ¢
VY (A). Then by (iii) m & ¢V} (A). Let Si{v} be the C-smallest such that
m € SZ{U}, A A) Sz{v}. By the limit assumption ¢{"}(A) is defined and
let m’ € ¢"}(A) N [A4]. But then by (i) d(v,m’) < d(v,m) contradicting the
selection of m.

The general case, [K] > 1.

[KxA C KeA|. Let u € [KeA] and let z € [K] be such that d([K], [A]) =
d(z,u) (notice that then, u € [x®A] and by the previous case u € [z * A]).
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By (K«3), [K % A] = [T} = A] for some complete theories extending K. If
for some i, u € [T; * A] we are done, so assume u ¢ [T; x A] for all 4.
Consider for any i the proposition {z,T;} C [K]. Then by (K«V), [T} *
A] C [Th({z, T;}) * A] C [K * A]. Apply (Kx3) to Th({z,T;}) * A now. If
[ x A] C [Th({z,T;}) * A] we are done. Rests to consider the case when
[Th({z,T;}) * A] = [T; * A], and furthermore [Th({x, T;}) * A] # [z * A]. But
then by condition (v), d(T3, [A]) < d(z, [A]), contradicting the choice of .

[KeA C K « A]. For this inclusion, we should further prove the case for
[K] = {v,w} separately. Suppose u € [K * A], then by (Kx3), u € |J[T; * A]
for some 7; complete theories extending K, either

a. K+*A = vx*A. Then by (iii), d({v,w}, [A]) = d(v,[4]). Asu €
clvwl(A), by definition of d, (i) and (i) we have that d(v,u) = d(v, [4]) =
d([K],[A]). Hence u € [K] o [A].

b. K« A= w=x A. Similar to a.

c. KxA=v+xANnwxA. By (iv), d(v,[4]) = d(w, [A]). Also, either
u € (A) or u € I"H(A). Hence, as above, either d(v,u) = d(v, [A]) or
d(w,u) = d(v,[A]). In both cases, u € [K] e [A].

[K] > 2. Suppose u € [K * A], then by (K«3), u € |J[T; * A] for some
T; complete theories extending K. In particular, let 7; € W be such that
u € [T; x A].

Let z be any in [K], by (K«V), K*A C T;* A implies (T;Nz)x A C T;x A.

Hence, (T; Nz) x A C T; * A. We are now in the previous cases, of re-
vising theories whose proposition has cardinality one or two. Therefore
we can claim that (7; N z)eA C T;eA. le., by definition for all w €
[A], d({Ts, 2}, [A]) = d({T, o}, w) then d(T;, [A]) = d({Ty, o}, w), iff for al
w € [A], min{d(T}, [4]), d(z, [A]) } = min{d(T;, w), d(z,w)} then d(T;, [A]) =
d(T;,w).

Therefore d(T;, [A]) = d({T;, x},[A]). As this is true for all z € [K],
d(T;, [A]) = d([K],[4]). Because u € [T;e0A], d(T;,u) = d(T;,[A]) and u €
KeA. O

Theorems 6.11 and 6.13 are interesting because they give general char-
acterization results for AGM revisions based on non symmetric distances,

for both, the finite and the general cases.
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We now turn our attention to two natural constraints on the distance
functions which give rise to proper subclasses of analytic AGM revisions.
One is to consider a distance function d : W x W — D is such that no
two points are at the same distance from a given point, if d(v,u) = d(v,w)
then v = w. This is to take d,, the projection of the distance function
over its first argument, to be injective. It is quite strightforward to prove
that such a distance function gives rise to an analytic AGM revision that
takes consistent complete theories to consistent complete theories. Then,
for complete theories this analytic function behaves as a maxichoice AGM
revision. For this reason we name it mazi-analytic AGM functions, and we

show it is characterized by the following postulate.

(K*M) If K is consistent and complete then, for any A, K % A is com-
plete.

Observation 6.14 (maxi-analytic AGM functions). An operator * sat-
isfies postulates (K*1)-(K*8), (K*3) (K*V) and (K*M) if and only if there
exists a distance model M = (W, d), such that for each v € W d,, (defined
as dy(w) = d(v,w)) is injective, and for any K € IK, A€ L, K * A = KeA.

Proof. The characterization result follows directly from the fact that for

every nameable Y C W, {z : d,(Y) = d,(x)} is a singleton. O

Another interesting consideration is the case of well founded distances, that
is distances that are definable over the ordinals, d : W x W — O. Applying
Observation 2.17, a well founded system of spheres centered in [K] can be
represented by ordinal function dg : W — O. In this setting actual values
of the function d(w,v) can be obtained by counting the number of ancestors
of the argument along the well founded system of spheres centered in {w}.
As a result we can precise an actual mapping of well founded update models
(W, {<w: w € W}) to well founded distance models (W, d). In section 2.3.4
we reported [Peppas, 1993] result that AGM revision functions definable
over well founded system of spheres, called well behaved revision functions,

are characterized by postulates (K*1)-(K*8) plus

(K*WB) For every nonempty set X of consistent formulae of L there
exists a formula A € X such that “A ¢ K % (AV B), for every B € X.
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This characterization carries over analytic functions and update functions.
Well behaved analytic AGM functions satisfy (K*1)-(K*8),(Kx3),(K«V) and
(K*WB), and are a proper subclass of general analytic functions that can
be characterized semantically by a distance function d over the ordinals.

It is apparent from the proofs of Theorems 6.11 and 6.13 that the distance
function that we use is just a convenient means to express the comparative
relations relative to sets, that are induced from the comparative relations
relative to single points. In fact, the analytic operation can be regarded
as a particular case of a more general framework. Consider a model with
two ordering relations, (W, {=<L:w € W}, {=%: X € P(W)}), being <!, <2
possibly independent (total) preorders on W. Then the e operation would

be a double minimization over the two relations, defined as

min min(Y")
2 <1
—X zeX —°

where min<(V) = {v € V : Vz € V,v < z}. Our definition of analytic revi-
sion in terms of distances obtains in this general framework, by considering
<! as an ordering encoding d : W x W — D and =<? as one encoding the
extension d : P(W) x P(W) — D. We believe it is interesting to study
characterization results for the double minimization operation on the gen-
eral framework. This seems to be the proper setup to investigate which are
the needed properties connecting the two orderings as well as the particular

properties of each of them.

6.4 Properties

Analytic revisions are binary functions which significantly link the change
operation over different theories. As we reported in Chapter 4, iterable
AGM functions also link the revisions of all different theories. But, it is
apparent that the relations established by analytic revisions are more subtle
than those provided by the characteristic postulate (K*9). Moreover, the
link provided by analytic functions is very much in the spirit of the AGM
theory.

We start reporting that, in general, the analytic revision operation is not

permutable.
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Observation 6.15. e is not not permutable.

Proof. Let K be a consistent theory. We have to show that there is some A
such that (K +A) — A # (K —-A)+ A. Let A€ K. Then, K+ A=1L
and L — -A = LN LeA = LeA. Thus, A € (K + A) — ~A. However,
AgK——-A=KnNKeA. O

The analytic revision operation does not validate many of the usual proper-

ties of binary operations.

Observation 6.16. There exist analytic revision functions violating each

of the following properties:

(Monotony) If K1 C K then Ky x A C Ko % A.

(Weak Monotony) If -A € K; and K1 C K then K1 % A C Ko * A.

(Commutativity) (K * A) * B = (K x B) % A.

(Weak Commutativity) If =B ¢ Cn(A), (K x A) * B = (K * B) % A.

(Elimination) (K * A) «x B = K x (AN B).

(Weak Elimination) If =B ¢ Cn(A), (K * A)* B= K x (A A B).

(Intersection) (K1 N Ky)*x A= (K1 % A)N (K2 * A).

(Weak Intersection) If =4 € K1 N Ky then (K1 N K2)*x A= (K1 %xA)N
(Ko * A).

(Union) (K1 U Ky)*x A= (K1 x A)U (Kq % A).

(Weak Union) If mA € K1 N Ky then (KjUKy)*« A = (K1xA)U(KaxA).

(K¥) If ~Ae K, K« A=LxA.

(Almost Constant) If =A € K, Ko then K; x A = Ko % A.

Proof. 1t is not difficult to find analytic revision functions violating each of

these conditions. We show it for Commutativity. Let [A] = {w2, w4} and

[B] = {ws, ws}. Assume [K] = {w} and d(w1,w2) < d(wy,wy), d(wi, ws) <
d(wy,ws), d(wa,ws) < d(ws,ws), and d(ws, ws) < d(w3, wa).

[KeA] = {ws}, [KeB] = {ws}, [KeAeB] = {w3} but [KeBeA| = {w,4}.

0

Being binary AGM functions, analytic revisions can freely perform iterated
change, inheriting the form of iteration of the standard update operation.

The formal structure M = (W, d) determines the distance from every [K].
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Since the analytic revision of K by A is a theory KeA, also a proposition
in the same model M, distance from KeA is also defined in the structure.
However, as we have already noticed, there is a difference between the iter-
ating capabilities of the two forms of update: the standard update can not
recover from inconsistency, while analytic revision can. Moreover, analytic

revisions satisfy some natural conditions of iterated change.

Observation 6.17. Analytic revision functions satisfy
(Or-Left) If D € (K*(AVB))+C then D € (KxA)xC or D € (K+B)*C.
(Or-Right) If D € (K * A)*C and D € (K« B)*C then D € (K x (AV
B))*C.

Proof. Let’s name X = [K] e [A], Y = [K] e [B].

(Or-Left).

[K]e[AV B]e[C] = {w € [C] : minge(x|e(avp minye|c){d(z,y)}} =

(by (K*7) and (K*8)) [K|e[AV B] = [K]e[A], or [K]e[AV B] = [K|e[B],
or [K]e[AV B] = ([K] e [A]) U ([K] e [B]).

Then,

(1) {w € [C] : mingex minyee{d(z,y)}} = [K] o [A]; or

(2) {w € [C] : mingyeyy minye(c{d(z, y)} }= [K] o [B]; or

(3) {w € [C] : minzexuy mingeo{d(z,y)}} =

{w € [C] : min{mingex minye[c]{d(x, y)}, mingcy minye[c]{d(x, y)}}}

is either equal to [K] e [A] or it is equal to [K] e [B].

(Or-Right). Assume (1) D € (KeA)sC and (2) D € (KeB)sC.

By (1) {w € [C] : mingex min,¢ce{d(z, 2)}} € [D].

By (2) {w € [C] : minyey min,cc1{d(y,2)}} € [D].

And [K|e[AV B|e[C] =

{w € [C] : mingexyy min ¢o{d(z, 2)}} =

{w € [C] : min(mingex min,¢o{d(z, 2)}, mingey min,ce{d(z, 2)})}

is either equal to [K] e [A] or is equal to [K] e [B].

Then [K]e[AV B]e[C] C [D]. O

The analytic revision function validates five out of the seven postulates of

[Lehmann, 1995].

(I1) K * A is a consistent theory.
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(I2) Ae K x A.

(I3) If Be K* A, then AD B € K.

(I4) If A€ K then K« By *...* B, = K+ Ax By *x...* By forn > 1.
(I5) If A€ Cn(B), then K« A*Bx By ...« By, = K+ Bx By x...xB,,.
(I6) If =B ¢ K*A then KxAxBxByx...xB, = KxAx(AAB)*By*...xBy,.
(I7) K« =B % B C Cn(K U{B}).

Since conditions I5 and 17 implies dependency between two revision steps

analytic revisions fail both of them.

Observation 6.18.
i) All analytic revision functions satisfy 11, 12, I3, 14 and I6.

ii) There exist analytic revision functions violating I5 and I7.

Proof. The violation of 15 and 17 can be proved by constructing a coun-
terexample.

11, 12, I3, 14 follow from the AGM postulates (K*1)-(K*4).

For (I6) we should prove that if B ¢ KeA then KeAeB = KeAs(A N
B). But this is obvious since KeAeB = Cn(KeAU{B}) = Cn(KeAU{AA
B}). O

Analytic revisions do not validate any of Darwiche and Pearl’s postulates
[1997].

Observation 6.19. There exist analytic revision functions violating each
of

C1
C2
C3
C4
Ch
C6

If A€ Cn(B) then (K xA)* B =K * B.

If A € Cn(B) then (K« A)* B =K x B.

If Ac K« B then A€ (K xA)xB.

If ~A ¢ K + B then A ¢ (K % A) x B.

If-Be KxAand A¢ KB then A¢ (K *A)x*B.

(
(
(
(
(
( If -Be K+xAand -A € K % B then -A € (K % A) % B.

N — ~— — ~— —

Proof. Assume a propositional language with three variables A, B and C.
Let w € [ZA]N[-B], z € [A]N[-B], v € [FA]N[B]N[C] = € [A]N[B]N[C]
and u € [~A] N [B]N[~C]. Let [K] = {w}.

C1 is just postulate I5 above.
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C2. Assume d([K],z) = d([K],[A]), d(z,v) < d(z,[B]) and d(w, [B]) =
d(w,u). Then, [KeA] = {z}, [KeAeB] = {v} but [KeB] = {u}.

C3 and C4. Assume d(w,[B]) = d(w,X), d(w,[A]) = d(w,z) and
d(z,[B]) = d(z,v). Then [KeB] = {x} C [A], [KeA] = {z} and [KeAeB] =
{0} ¢ [4].

C5 and C6. Assume d(w, [B]) = d(w,u), d(w, [A]) = d(w, z) and d(z, [B]) =
d(z,z). Then [KeB] = {u} C [-A], [KeA] = {z} C [-B] but [KeAsB] =
{z} C[A]. O

As expected, analytic AGM revisions do not validate the postulates of iter-

ative schemes.

(T) KoAoB=KoB.
(C) If -BeKoA, then KoAoB=KoB.
() KoAoB=Ko(AADB).
(

KoB R lf—\BECH(A)

KoAoB=
Ko (AANB) , otherwise.

Observation 6.20. There exist analytic revisions violating (T),(M),(I) and
(©).

The set of properties validated by analytic functions are summarized in the

table of appendix A.



Chapter 7

Logical Calculi
for Theory Change

Alchourrén’s logic DFT [Alchourrén, 1995] and Boutilier’s CO [Boutilier,
1992a] are conditional logics that provide a calculi for the AGM theory. In a
very natural way they can be used to calculate changes in different theories,
by appealing to the consequence operation in each logic. Both logics share
the special characteristics with respect to the conditional connective com-
mon to most logics for defeasible inference. Namely, they defeat the rules
of Modus Ponens, Strengthening the antecedent, Transitivity, and Contra-
position. But DFT and CO are indeed different. Although both are modal
conditional logics with possible worlds semantics, CO has a relational se-
mantics requiring a preorder over possible worlds, while DFT possesses a
non-relational semantics based on a selection function C'h defined over the
logical language. They also differ in their expressive power and have quite
different axiomatic presentations. Specially, the respective definitions of the

conditional connectives stand on different grounds.

In this chapter we compare the two logics and investigate their connec-
tion. After considering some general results of [Rott, 1993] showing links
between selection functions and binary relations, we will briefly present
the two logics assuming basic knowledge of the standard modal systems.
(For a thorough presentation of standard modal systems see [Chellas, 1980;
Hughes and Cresswell, 1968; Hughes and Cresswell, 1984]). In particular we

103



104 CHAPTER 7. LOGICAL CALCULI FOR THEORY CHANGE

will consider the modal systems S5 and S4.3 (S5 is the extension of classical
propositional logic with the Necessitation rule and the characteristic axioms
K, 4 and 5; while S4.3 possesses the characteristic axioms K, 4 and 3). We
will then reveal the connection between DFT and CO by two main results.
One is that there is a one to one correspondence between the finite models
of the two logics. The other is that the respective definitions of the condi-
tional connectives are semantically equivalent. These two results will allow
us to prove that satisfiable sentences in the respective finite propositional
languages augmented solely by the respective conditional connectives are in
a one to one correspondence. Since the conditional connectives have the
same interpretation we will conclude that, in the restricted language, the
two logics validate the same conditional sentences.

As of notation, the symbol F will be used to indicate derivability in dif-
ferent systems, using a subscript to specify the system. Semantic entailment
will be denoted with the symbol |=. To denote satisfiability in a point w of
a model M we will use M |=,,. In addition we will refer to the set of models
for a set of sentences X as: Mods(X)={M : M |= A, for each A € X}.

7.1 Selection functions and Binary relations

Let X be a set and X be a non-empty subset of P(X)\ 0. A selection
function, or choice function over X is a function s : X — P(X) such that
s(Y) is a non empty subset of Y € P(X). The requirement that s(Y') be
non-empty means that the selection function is effective. [Rott, 1993] shows
that under certain conditions it is possible to recover the relations underlying
choice functions. And conversely, under appropriate conditions a relation
induces a selection function.

A set X of subsets of X is called n-covering (n = 1,2,3...) if it contains
all subsets of X with exactly n elements, X is called nine-covering if it is
ni-covering and no-covering. X is called w-covering if it is n-covering for all
natural numbers n = 1,2,3,.... A set X of subsets of X is called additive
if it is closed under arbitrary unions, and it is called finitely additive if it is
closed under finite unions. X is substractive if for every X and X’ in X such
that X ¢ X', X \ X’ is also in X. (If X is 1-covering and finitely additive
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then X is w-covering.) Finally, X is compact if for every X and X;, i € I, if
X CU{X;:iel}then X CU{X;: i€ Ip} for some finite Iy C I.

For example, let L be an arbitrary infinite language, and W the set of
maximal consistent extensions of L. For any language sentence A, [A] =
{weW:Aecw} Let XY={[A] C W :Ae L} C P(W); be the set of
nameable subsets of W. By cardinality considerations, X is a proper subset
of P(W). Moreover, X is not additive nor finitely additive nor 1-covering nor
compact nor substractive. However, if we take L a propositional language
over a finite set of propositional variables P, and we take W as the set of all
maximal consistent extensions of L, then X is finitely additive, n-covering,
substractive and compact.

A selection function with domain X’ is said to be n-covering, (finitely) ad-
ditive, substractive, etc., if X' is n-covering, (finitely) additive, substractive,
ete.

Generically, choice sets are taken to be sets of “best” elements in some
relation <. A selection function is relational with respect to < over X, and
we write s = S(<), when for every Y € P(X)

s(YY={yeY :y<y forally €Y}

Samuelson preferences are a classical way to recover a relation underlying a

selection function:
<s={(z,2') € X x X : Y € P(X) such that (z,z') CY and 2’ € s(Y)}

<, is not guaranteed to be reflexive unless s is 1-covering.
In order to show the correspondence of properties of selection functions

and binary relations Rott [1993] formulates the following postulates.
I.ForallYVY' € X such that YUY € X s(Y UY’) C s(Y)Us(Y').
II . Forall Y,Y' € X such that YUY € X s(Y)Ns(Y') Cs(YUY').

IIT . Forall Y € X and Y’/ such that YUY’ € X if s(YUY')NY’ # ) then
s(Y)Cs(YUY’).

IV . ForallY € X and Y’ such that YUY’ € X, if s(YUY')NY # 0 then
s(Y)Cs(YUY’).
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The following lemmas show the connection between selection functions and

preference relations.

Lemma 7.1 ([Rott, 1993],Lemma 1).
If s satisfies I and II and is 12-covering or additive then s = S(<s).

Lemma 7.2 ([Rott, 1993],Lemma 2). (Notation adapted).

(a) If s is 12n-covering and satisfies I then the complement of <, is n-acyclic.

If s is w-covering and satisfies I then the complement of <; is acyclic.
(b) If s is 123-covering and satisfies I and III then < is transitive.

(c) If s is finitely additive and satisfies IV, then the complement of <; is

transitive.
Lemma 7.3 ([Rott, 1993],Lemma 3). (Notation adapted).

(a) If the strict part of < is well-founded with respect to X then S(<) is a

selection function over X which satisfies I and II.

(b) If <is transitive then S(<) is a selection function over X which satisfies
I11.

(c) If the complement of < is transitive then S(<) is a selection function over
X which satisfies IV.

7.2 The Logic DFT

Alchourrén’s modal conditional logic is based on a propositional language
L augmented with an Sb5-necessity operator O and a revision operator f,
which is in fact another modality. We will refer to this modal language with
L ppr. Alchourrén bases his construction on the very idea that in a defeasible
conditional the antecedent is a contributory condition of its consequent, as
opposed to be a sufficient condition for the consequent. Hence, he defines a
defeasible conditional A > B meaning that the antecedent A jointly with
the set of assumptions that comes with it is a sufficient condition for the
consequent B. In order to represent in the object language the joint assertion
of the proposition expressed by a sentence A and the set of assumptions

(or presuppositions) that comes with it he uses a revision operator f. For
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example, if Ay,... A, are formulae expressing the assumptions associated
with A then fA stands for the joint assertion (conjunction) of A with all
the A; (for all 1 < i < n), where A is always one of the conjuncts of fA.
Although Alchourrén does not explicitly refer to the cardinality of the set
of assumptions for a given proposition, this set may well be infinite and fA
stands for a nominal of the infinite conjunction.

Since Lppr is the standard modal language of S5 augmented with f, the
S5-possibility operator ¢ and the strict conditional = are defined in terms

of O as usual:
OA =g 0-A and A = B =4 O(A D B).

Definition 7.4 (logic DFT, [Alchourrén, 1995]). The conditional logic
DFT is the smallest set S C L ppr such that S contains classical propositional
logic and the following axiom schemata, and is closed under the following

rules of inference:

K 0O(AD>B)D>(0DADUOB).

T 0OAD A.
4 0OA > ODOA.
5 A>0OCA.

f.1 (fA D A). (Expansion)

f.2 (A= B)D(fA= fB). (Extensionality)

£.3 OA D OfA. (Limit Expansion)

£4 (f(AV B) o fA)V (f(AV B) = [B)V (f(AV B) = (JAV [B))
(Hierarchical Ordering)

Nes From A infer OA.

MP From A D B and A infer B.

Axioms K, T, 4 and 5 giver rise to S5, and f.1-f.4 are constraints imposed on
the revision operator f. Condition f.1 is in fact the characteristic axiom T of
standard modal systems. As an axiom constraining f it is quite natural since
it states that fA stands for the conjunction of A and its presuppositions. f.2
asserts that equivalent sentences have equivalent presuppositions. f.3 links
the two modalities. It ensures the existence of consistent presuppositions for

any sentence that is not a contradiction. We will see below that condition f.3
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carries some consequences that we will analyze in semantic terms. f.4 asserts
that the presuppositions of a disjunction are either the presuppositions of
one of the disjuncts, or else the disjunction of the presuppositions of each of
the disjuncts. In a forward reading it implies that f is a normal modality,
in the sense that it satisfies the characteristic axiom K (notice that Fppp
F(=A) > ~(£A)).

Alchourrén gives a formal semantic interpretation of the language L ppp

based on standard non-relational S5-models.

Definition 7.5 (DFT model). A model for Lppy is Mpe = (W, Ch, | ])
where W is a non empty set, the valuation function [ | maps P into P(W),
and Ch : L — P(W) is a selection function such that for each sentence A, B
of Lprr

Ch.1 Ch(A) C[A].

Ch.2 If [A] = [B] then Ch(A) = Ch(B).

Ch.3 If [A] # 0 then Ch(A) # 0.

Ch.4 Ch(AV B) € {Ch(A),Ch(B),Ch(A) UCh(B)}.

We shall mention that [Alchourrén, 1995] defines the selection function as
Ch® meaning that the selection is indexed by the particular preferences of
an individual « (as opposed to be a universal selection function for every
individual). For the purposes of this note this is totally irrelevant. The se-
lection function Ch is proposed as the semantic counterpart of the syntactic
revision operator. C'h(A) is the proposition of the joint assertion of A and

its assumptions, i.e., the worlds in which fA are true.
[fA] = Ch(A).

The four constraints on C'h are in exact correspondence with the four on f.
In particular, Ch.3 reflects that every consistent proposition must contain
some chosen elements.

A DFT frame (W, Ch) is the set of all DF'T models having W and Ch.
Satisfaction of a modal formula at world w in a model Mper = (W, Ch,| ])
is given by:

Mper Fw A iff w € [A] for atomic sentence A.

M ppr Ew —A ff not Mper =y A.
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Mper =0 DA Bff [A] = W.
Mper o fA iff w € Ch(A).

The derived satisfaction conditions for the connectives & and = are:
Mper Ew A = B iff [A] C [B].
M ppr o QA iff there is some v € W such that v € [A].

Truth in a model M e = (W, Ch, [ ]) is truth at every point:
Mper E A it Mppr =y A for every w € W.

Truth in a frame (W, Ch) is truth at every model (W, Ch, [ ]).
(W,Ch) = A iff (W,Ch,[]) = A for all valuation functions [ ].

Alchourrén proves that his semantic and axiomatic presentations coincide.

Observation 7.6 ([Alchourrén, 1995], Theorem cm-DFT).
For any A € Lpgr, bper A iff Eppr A.

We are ready for the definition of the conditional A >,y B. Alchourrén
wants to capture the idea that the antecedent A jointly with the set of
assumptions that comes with it is a sufficient condition for the consequent
B. To reflect this intuition, he adopts the following definition due to [Aquist,
1973]:

Definition 7.7 (DFT conditional connective). A >, B =4 O(fA D
B).

Satisfaction of a conditional sentence at world w in a model My =
(W,Ch,[]) is given by: Mppr Fw A >per B ift Ch(A) C [B] iff Mper =
A >ppp B. As aresult, Mppr = A >ppp B iff [A > per B] = W. Conversely,
Mpgr = (A >per B) iff [A >ppp Bl = 0 iff Mper = —(A >ppr B). This
means that Alchourrén’s conditionals are true at every point in a model, or

at none.

Observation 7.8 ([Alchourrén, 1995]).

In DFT >,z is in general different from =-.

Observation 7.9. Fper A= B D A >per Bbut Yppr A >per BD A= B.
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Proof. To prove that Fper A = B D A >ppr B, assume Fper A = B. Then
for every DFT model [A] C [B]. Since Ch(A) C [A], then Ch(A) C [B],
hence, Fppr A > ppr B.

To prove Vppr A >ppr B D A = B, suppose tppr A > B. Hence, for
every DFT model Ch(A) C [B]. In particular for Mper = (, W, Ch, [ ]) such
that W is the set of valuations of the language based on two propositional
variables. Suppose {wi,ws} = [A] and {wl, w3} = [B] and Ch(A) = {w;}
provides a model where My = A > B and Mpgr = A = B. O

This proof also shows that >pzr in DFT does not validate Modus Po-
nens nor Contraposition. And similarly, with three propositional letters can
be shown that >z does not validate Strengthening the antecedent nor

Transitivity.

Modus Ponens From A > B and A infer B.
Strengthening From A > B infer AANC > B.
Transitivity From A > B and B > C infer A > C.
Contraposition From A > B infer =B > —A.

As a corollary of the observation above we obtain that in a limiting case
> prr and = are equivalent. In the particular case where the Choice function
sanctions Ch(A) = [A] for every A € Lppr, > ppr collapses with =. In this
case the Choice function induces an ignorant revision function f, where
every sentence becomes its own presupposition. Then, the conditional > ppp
looses all its defeating properties.

Alchourrén also gives an axiomatic presentation of his logic DFT in a
purely conditional language, having the conditional connective > added to
those of classical propositional logic. Let’s denote this language by L>. The
following abbreviations are used in Alchourrén’s axiomatization. A notion
of necessity IV, a notion of possibility M and a notion of comparativeness
.

NA =4 ~A>1; MA =g ~N-A;
(A= B) =gt (N(~AA=B)) V ~((AV B) > ~A)).
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Definition 7.10 (logic DFT-,[Alchourrén, 1995]). The conditional
logic DFTs is the smallest set S C L~ such that S contains classical propo-
sitional logic and the following axiom schemata, and is closed under the
following rules of inference:

DFT1 F. (A> A).

DFT2 . (A>(BAC)=[A>B)AN(A>()).

DFT3.1 . (A>C)A(B>C))D((AVvB)>0(0).

DFT3.2 . (A=B)D((AVB)>C)D>(A>C(C).

DFT4 +. (A>B)D> N(A> B).

DFT5 +. —~(A>B)> N—-(A> B).

DFT6 +., NAD A.

Ext IfF. A=Bthentk, (A>C)=(B>C)andF. (C > A4) =
(C > B).

In this purely conditional axiomatization it is also apparent that a con-
ditional sentence is always impossible or necessary (this is directly entailed
by DFT.4 and DFT.5). Alchourrén shows the following correspondence be-
tween DFT and DFT-. Let ¥ be a translation function from L> to L pgp.

V(A) = A, if A is a propositional variable.
(T)=T and ¥(L) = L.

w(-A >> w(A).

U(AAB)=Y(A) ANU(B).
(A > B)=0(f¥(A) D ¥(B)).

Alchourrén proves that the logic DFTs is properly embedded in DFT.

S

Observation 7.11 ([Alchourrén, 1995], Corr.3). For every A € L>,
Fo Aiff Fppr U(A).

Since the translation ¥ is not surjective on L gy, that is, there are for-
mulae of Ly which are not equivalent to the image of any formula of L~
then the expressive power of DFT exceeds that of DFT-.

We end up this section with a final remark. Some (infinite) sets of
conditional sentences in L~ define single DF'T models. Let I' C L> such that
for every purely propositional A, B € L, either A> B €T or -(A> B) €T
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but not both. Such a set I' characterizes a single DFT-model. We will return
to this idea when we study how DFT provides a logical calculus for theory

change. We shall now turn our attention into Boutilier’s logic CO.

7.3 The Logic CO

The logic CO is one in Boutilier’s family of conditional logics for theory
change and default reasoning [Boutilier, 1992a]. Boutilier bases his log-
ics on Humberstone’s bimodal logic [Humberstone, 1983], which provides
a modality that denotes truth along an accessibility relation and another
modality that denotes truth along the complement of the accessibility rela-
tion. The expressive power of this bimodal logic exceeds that of standard
mono modal systems. For instance, it can express a number of relational
properties that are inexpressible in standard modal logics, like total connect-
edness, asymmetry and irreflexivity. Humberstone’s logic is closely related
to temporal logics, which are also based on two modalities. In temporal
logics the modality for the “future” coincides with Humberstone’s modality
for denoting truth along the accessibility relation R. However, the tempo-
ral operator for the “past” denotes truth along the inverse of relation R,
while in Humberstone’s logic the second modality denotes truth along the
complement of R.

Humberstone presented his logic as an enumerable set of axioms, and left
open the question of whether a finite axiomatization existed [Humberstone,
1983]. Boutilier [Boutilier, 1992a] provided the sought finite axiomatization.

The language Lo is defined as a propositional language L augmented
with two modal operators. O is the modality for accessibility along a rela-
tion R and O is the modality for inaccessibility, denoting truth along the
complement of relation R. Since Boutilier’s conditional connective is only an
abbreviation of an involved formula in the bimodal language, the expressive
power of CO is precisely that of Humberstone’s. Boutilier defines several
connectives in terms of the primitive O and O as follows:

CA =g ~0-A4; CA =qp ~0-4;

gA =4f OA N EA; and A =4r ~0-A.
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Definition 7.12 (logic CO [Boutilier, 1992a]). The conditional logic
CO is the smallest set S C L such that S contains classical propositional
logic and the following axiom schemata, and is closed under the following
rules of inference:

K O(AD>B)> (0A>OB).

K’ (4> B)> (04>0B).

4 04> O0A

S A>O%A

H 3(CAATGB)>BAVB).

Nes From A infer OA.

MP From A D B and A infer B.

Axioms K and K’ indicate that the two modalities are normal. Axiom
4 ensures transitivity of the accessibility relation and axiom S, which is only
expressible in a bimodal language, ensures total connectedness. Axiom H
gives the relationship between the two modalities.

CO is sound and complete with respect to S4.3 structures, the structures

whose relations are total preorders.

Definition 7.13 (CO-model, [Boutilier, 1992a]). A CO -model is a
triple Moo = (W, R, [ ]) where W is a set of worlds, with valuation function
[ ]: P— P(W), and R is a total preorder on W.

Satisfaction at world w in a model M¢o = (W, R,[ ]) is given by:

Meo Ew A iff w € [A] for atomic sentence A.

Meo o ~A iff Moo e A.

Meco Euw OA iff for each v such that wRv, Moo |y A.

Mo Fuw OA iff for each v such that not wRv, Mco =, A.
The derived connectives have the following truth conditions: < (5/1) is true
at a world if A holds at some accessible (inaccessible) world; OA (CA) holds
iff A holds at all (some) worlds. Therefore, the O and & modalities behave
as S5 modalities.
Truth in a model Moo = (W, R,[ ]) and in a frame (W, R) are defined as

usual.
Meo E A iff Meo =y A for every w € W.
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(W, R) = At (W, R,[]) = A, for every [].
The system CO is characterized by the class of CO-models.

Theorem 7.14 ([Boutilier, 1992a]). co A iff =co A.
The conditional connective is defined in the bimodal language as follows.

Definition 7.15 (conditional connective in CO , [Boutilier, 1992a)).

(A>co B) =4t O(A D S(AAT(A D B)))

Notice that in the definition of >, the the modality for inaccessibility
plays no role as such, but lies behind the g modality. The conditional
A >0 B holds in a model when either there are no A worlds at all, or,
when every A-world has access to some point where every R-accessible world
satisfying A also satisfies B. The conditional A >., B states that the
(possibly infinite) chain of R-minimal A-worlds must satisfy B. Boutilier
does not assume the existence of the minimal A-worlds. In the case where
such worlds do exist, obviously A >, B holds just when B holds at all such
worlds. In contrast, suppose there is some unending chain of R-minimal A-
worlds. If some B-world lies in this chain having the property that B-holds
whenever A does, at all farther accessible worlds in the infinite descending
chain, then A >., B ought to be considered true. B would hold at the
hypothetical limit of A-worlds in this chain. This is the same truth conditions
that [Lewis, 1973] has imposed to his counterfactuals conditionals in models
that do not comply the limit assumption.

Boutilier argues against the limit assumption stating that it is a technical
devise for the convenience of selection functions. He explains that without
the limit assumption a selection function fails and, vacuously, makes all con-
ditionals true. But certainly some conditionals should remain true and some
others false. Since CO makes no commitment to the limit assumption this
is a point in which the Boutilier’s and Alchourrén’s formalisms differ. A
proper subclass of CO-models is that of models whose accessibility relation
satisfies the limit assumption. Since the limit assumption is not expressible
in CO, this class cannot be syntactically characterized in the bimodal lan-
guage. In models that satisfy the limit assumption it is possible to define

the set of R-minimal A-worlds.
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Definition 7.16 (min CO-model). Let My, a CO-model satisfying the
limit assumption. We define min : Loo — P(W) as:
min(A) = {w € W : Myo EwA and Moo =y CA implies vRw for all v €

When dealing with CO-models that comply the limit assumption, A >0
B is true in a model M, just when B is true at each of the R-minimal A-
worlds. The definition of a conditional can be expressed semantically as

follows:
Mco = A >co B iff min(A) C [B].

We are ready to compare logic DFT and CO and reveal their connection.

7.4 The Connection between DFT and CO

Let’s first prove the correspondence between DFT models and CO models
using the results in section 7.1. Let’s start specifying how a CO-model
Moo = (W, R, [ ]) satisfying the limit assumption induces a Choice function
Chg.

Definition 7.17 (Chg). Let a CO-model Myo = (W, R,[ ]) that satisfies
the limit assumption, and let A € L. The Choice function Chg induced by

the accessibility relation R is defined as:
Chgr(A) = {w € [A] : wRw', Yo' € [A]}.

To discover the properties of Chr we want to apply lemma 7.3. As R
is a total preorder satisfying the limit assumption, then strict part of R is
well founded, R is transitive and the complement of R is also transitive. (To
see this last property suppose not xRy and not yRz but xRz. Since R is
connected, then it must be zRy. Thus, by the transitivity of R we obtain
xRy contrary to our assumption.) Hence, by lemma 7.3 Chp satisfies (I),
(IT), (III), and (IV). We have to check now that Chp validates Ch.1-Ch.4,

the characteristic properties of Alchourrén’s choice functions.

Proposition 7.18. Chp, satisfies the following properties:
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(Ch.1) Chr(A) C [A].

(Ch.2) If [A] = [B] then Chg(A) = Chr(B).

(Ch.3) If [A] # () then Chg(A) # 0.

(Ch.4) Chr(AV B) € {Chr(A),Chr(B),Chr(A)JChr(B)}.

Proof. That Chpg, satisfies Ch.1 and Ch.2 is obvious by definition 7.17.

To see Ch.3 suppose Chr(A) = (. Then, there is no w € [A] such that
wRw' for all w' € [A]. Since R satisfies the limit assumption, [A] = 0.

Let’s see Ch.4. Let X = [A] and Y = [B]. There are four cases.
(1) f Chr(XUY)NX =0 and Chr(XUY)NY = 0 then, by case Ch.1
above, X UY = (), and Ch.4 trivially holds.

(2) Assume Chr(XUY)NX # 0 and Chr(X UY)NY # 0. By postu-
late (I) Chr(X UY) C Chr(X) U Chgr(Y). By postulate (IV) Chr(X) C
Chr(X UY) and Chr(X) C Chr(X UY). By de Morgan laws, Chr(X) U
Chr(Y) C Chr(XUY). Thus Chr(X)UChg(Y) = Chr(X UY), and Ch.4
holds.

(3) Assume Chr(XUY)NX # 0 and Chr(XUY)NY = (. By postulates
(III) and (IV) Chr(X) C Chr(XUY). By postulate (II) Chr(X)NChr(XU
Y) CChr(XUXUY)=Chr(XUY). And by postulate (I) Chr(XUY') C
Chr(X)UChg(Y). Since by Ch.1 Ch(Y) C Y, and by assumption of Ch.3
Chr(XUY)NY =0, then Chr(X UY) C Chr(X). Hence Chr(X) C
Chr(X UY) C Chr(X); namely, Chr(X) = Chr(X UY), and Ch.4 is
verified.

(4) The case Chr(XUY)NX = and Chr(X UY)NY # 0 is analogue
to case (3) above. O

Now let’s see how a DFT-model M = (W, Ch, [ ]) induces a total preorder
Rep on W oand gives rise to a CO-model Moo = (W, Rep, [ ])-

Definition 7.19 (Rcyp). Let My = (W, Ch,[ ]|) with Ch : L — P(W).
The relation R¢j, induced by Ch is defined as follows.

Rep, = {(w,v) e W x W :3Y € P(W) such that w,v € Y and w € Ch(Y)}

We have to check Rgyp, is a total preorder on W. Lemma 7.1 states that

if Ch is additive or 12-covering and satisfies (I) and (II) then there exists
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some some relation < on W such that the selection function induced by <
coincides with Ch. But Ch over an infinite set of propositional variables
is not additive nor 12-covering, so the we can’t apply the lemma. As sug-
gested in section 7.1 this is the problem we face when dealing with infinite
languages. Let’s consider L an infinite propositional language, W the set
of all its maximal consistent extensions and X C P(W) the set of all the
L-nameable subsets of W.

A preorder R C W x W automatically determines a preorder relation
over every subset of W, that is, VX C W, RN X x X is a relation on X.
In contrast, Alchourrén’s choice function is intrinsically linguistic, that is,
it is defined from L to subsets of W. Hence, C'h provides a selection just
for nameable subsets of W. The cardinality of L is less than the cardinality
of P(W) so it is impossible to provide a one to one correspondence between
binary relations on W and linguistic selection functions. In order to establish
a one to one correspondence we have to be able to name all subsets of W.
With this objective we will restrict to propositional languages based on finite
sets of propositional variables. Thus, C'h becomes additive and 12-covering,

and we can apply lemma 7.2.
Proposition 7.20. Rgy, is a total preorder on W.

Proof. We apply lemma 7.2. Since Ch is 12-covering and satisfies (I) the
complement of R¢y, is acyclic. Since Ch is 123-covering and satisfies (I) and
(IT) Rcyp, is transitive. Since Ch is finitely additive and satisfies (IV) the

complement of Rgy, is transitive.

That Rey, is totally connected follows from acyclicity of the complement
of Rep, ((if not zReopy and not yReopx then the complement Rey, would not
be acyclic ). O

Let’s check that in the finite case Chg,, = Ch and Rcp, = R.

Observation 7.21. Given a finite propositional language L, Chg,, = Ch
and Rcy, = R.

Proof. Assume R C W x W, a total preorder. Let’s define Chr(A) =
{w € [A] : wRw', Yw' € [A]}. This is additive n-covering choice function
satisfying (I)-(IV).
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Reny, = {(w,v) € W x W : 3Y € P(W) such that w,v € Y and w €
Chr(Y)}. By lemma 7.1, directly Chg,, = Ch.

Let’s see that R = Rcpy,. Suppose wRv and not vRw. Then, there is
some A € wNwv and some B € w B ¢ v such that w € Chr(AV B) and
v ¢ Chr(AV B). Hence wRcp,,v and not vRw.

Suppose wRv and vRw. Then, for every A € L such that A € wN v,
w,v € Chr(A). Hence, wRch v and vRcpw.
Therefore, Yw, v, wRv iff wRcp 4. O

Consequently finite DFT models and finite CO models are in a one to
one correspondence. Our next result is that the semantic definitions of the

conditional connectives in CO and DFT coincide.

Observation 7.22. Let A, B propositional formulae of L, then,

Proof. Let CrM = (W, R, [ ]).
By the definition of the conditional connective in CO,
(W,R,[]) E A>co Biff ming(A) C [B] iff,
by observation 7.21 Chr(A) C [B] iff,
by definition of the conditional connective in DFT,
(W,Chg,|]) E A >pmr B. O

We are now able to state our main result, which reveals the connec-
tion between the two logics: the two logics validate the same conditional
sentences in a restricted language. Let’s define L7, and L;, as the propo-
sitional languages formed from a finite set P of propositional variables to-
gether with the connectives —, A augmented solely with the respective con-
ditional connective > pmr and >¢o (the connectives D,V = are defined in
terms of —, A as usual).

We will define a bijective translation function taking a sentence in L7,
and returning a sentence in LZ,. We will then prove that this bijective
translation preserves satisfiability in the two logics. As a result will be able
to assert that there is a one to one correspondence of valid sentences in the
respective restricted languages in the two logics, with exactly the same inter-

pretation. Since the translation just interchanges the respective conditional
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connectives the two logics validate the same conditional sentences. Let W

be a translation function from L7, to LZ,.

U(A) = A, if A is a propositional variable.
T)=T and (L) = L.

(
(
(-4 )) = V(A).
(A
(A

s

U(AAB) = U(A) AU(B).

>per B) = U(A) >00 U(B).

E*

Let’s remark that W is a bijective translation function.

Theorem 7.23. e A iff Fop U(A).

Proof. Suppose A € L3 such that not pzp A.

Given that CO and DFT are sound and complete with respect to their
respective classes, there is a DFT model (W, Ch, [ |) where A is not true.

By observation 7.22 there is a CO model (W, Rcy, [ |) where W(A) is not
true. ]

We obtain the following corollary. For any set of sentences X C L7,
let’s define the translation of X as U(X) ={B e L;,: B=V(A): Ac X}.
Then, Mods(X) = Aiff X bFpm Aiff U(X) Feo U(A) iff Mods(V(X)) =
U(A).

We have proved that in the respective restricted languages the theorems
of CO and DFT are in a one to one correspondence, and have the same
interpretation. But this correspondence only holds in the restricted lan-
guages, that is, the two logics are not equivalent as a whole. For instance,
in DFT there is no counterpart of the CO modalities for accessibility and
inaccessibility. A question still to be answered in this direction is whether
the revision operator f of DFT is expressible in CO. It is clear that the
expressive power of DFT extends that of S5 without being exactly clear
what is the expressivity added by the “revision function” f. The study of
the formal properties that become expressible in DFT that are inexpressible

in standard systems is an interesting issue that remains to be investigated.
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7.5 Logical Calculi for Theory Change

Conditional logics were initially developed for modeling “if ...then” state-
ments in natural language. [Stalnaker, 1968] gives a possible worlds seman-
tics for his logic for “subjunctive conditionals”. A conditional A > B, read
as “if A were true B would be true”. Stalnaker argues that the conditional
connective > should not validate transitivity, nor the strengthening rule,
nor contraposition. For instance, we accept the conditional “If this match
were struck, it would light”, while we deny that “If this match were wet and
struck, it would light”. Stalnaker gives the following “recipe” based on the

Ramsey test to evaluate a conditional in a given theory or state of belief:

“First, add the antecedent (hypothetically) to your stock of be-
liefs; second, make whatever adjustments are required to main-
tain consistency (without modifying the hypothetical belief in
the antecedent); finally, consider whether or not the consequent

is then true.” (Stalnaker 1968, page 44)

Stalnaker’s formulation of the Ramsey test has been used to provide a formal

connection between theory change and conditional logic.
A conditional A > B is true iff B belongs to the revision of K by A.

Based on this formulation Boutilier provides a logical calculus for AGM

revision [1992a].
Mco E A >co B is equated with B € K x A.

Given the Ramsey test, >¢¢ is nothing more than a subjunctive conditional,
interpreted as “If K were revised by A, then B would be accepted”. For

any propositional A, the theory resulting from revision of K by A is:
K*A:{BELMCO ):A>COB}

Since total preorders on W satisfying the limit assumption are isomorphic
to Grove’s systems of spheres with no empty center, CO-models are appro-
priate for AGM revision when the theory K being revised is assumed to

be a consistent propositional theory. By appealing to Grove’s result [Grove,
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1988] for representing revision functions, each CO-model satisfying the limit
assumption represents a revision function. Those worlds consistent with K
should be ezactly those minimal in R. The interpretation of R is as follows:

wRw iff v is as close to theory K as w.

Vw € [K],Yv € W, wRuv.

CO models that satisfy this constraint are called revision models for K.

Definition 7.24 (CO revision model, [Boutilier, 1992a]). A revision
model for theory K is any structure Mg, =< W, R, [] > such that R satisfies

the limit assumption, R is transitive and totally connected on W and v €
{w: W |, A for all A€ K} iff vis R-minimal in Mqo.

Full models are those where all propositional valuations are represented.
They have to to be considered in order to allow every consistent sentence be
capable of generating a consistent revision. Boutilier proves that the revision
function determined by a full revision model for K satisfies the eight AGM
postulates for revision (K*1)-(K*8).

Observation 7.25 ([Boutilier, 1992a], Theorem 6.7). Let M., be a
full revision model for K and *M the revision function determined by M.
#*M is defined for each A € Lopr by K+ A={BcL: M = A >., B}.
Then, ™ satisfies postulates (K*1)-(K*8).

Boutilier defines a modality Belso to refer to the sentences in K. BelcoA is
read as A is accepted in K. He calls it a modality for belief and defines it
as follows.

Definition 7.26 (CO belief operator, [Boutilier, 1992a]). Belc,A=g4¢

o

OCOA.

The sentence Belgoo(A) holds in a revision model when A is true at each
minimal worlds: M¢o = Belpo(A) iff min(T) C [A] iff Meo E T >c0 A.
By appealing to the consequence operation in the logic CO it is possible
to calculate the results of revising a theory K. Each set of conditional
sentences I' C L7, such that Mods(T") is a singleton represents a theory K
and the AGM revision function * for K. For instance, K = {A € L: T >¢o
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A € T'}. Then, if ' is conditionally complete then Mods(I') = {Mco}. So,

we obtain the following chain of equivalences:

I'E A>per Biff Moo E A >co B iff min(A) C [B] in My, iff B € K * A.

In this way the logic CO provides a logical calculus for change in different
theories, by appealing to derivability from different sets I'y and I'y. Given the
correspondence we have proved between CO and DFT, all the considerations
about CO as a logical calculus for theory change directly apply to DFT.

One could wonder about calculating iterated change in logic CO. It is
possible to use the Ramsey test to relate iterated changes and acceptance of
nested conditionals [Levi, 1988; Boutilier, 1992b; Lindstrém and Rabinowicz,
1992].

Different intuitions correspond to whether the nesting of the conditional
connective appears in the antecedent or in the consequent of a conditional
construction. One could inspect whether (A > (B > () can be taken to
mean that C' € Kx Ax B. This would require two applications of the Ramsey
test.

A>(B>C)istrueiff (B>C)e K« Aiff C € K« Ax B.

But the nested occurrences of the conditional connective collapse into the
flat portions of CO and DFT, as follows. Given a revision model Mo, we
have that Mco = A > (B > C) is identical to either Mco = A > T or
Mco = A > 1, depending whether My, = B > C or not. On the one hand
Mco = A > T is always true, because for all A, min(A) C W and if A is not
satisfiable then min(A) = (. On the other hand M., E A > 1 is always
false unless My, | —A. In full revision models this means that A is not
satisfiable. Consequently, A > B > C'is true iff (B > C) is true or A is itself
inconsistent. This is equated via the Ramsey test as C' € K x A x B iff A is
inconsistent or C' € K * B. Hence, for consistent formulae A, A > (B > C)
says that the set K x A x B, is just K x B. The notion of iteration it yields
validates the following postulate that we advanced in Chapter 3 for a trivial

revision function.



7.5. LOGICAL CALCULI FOR THEORY CHANGE 123

(T)

KoB ,if Ay,...A,_1 are satisfiable.

KoAoB=
L , otherwise.

We conclude that nested conditionals in CO or DFT do not provide an
interesting logical calculus for iterated change. This conclusion can also be
reached from our interpretation of CO models as models for revision. If
Mo is a revision model for K, then all the worlds consistent with K are
R-minimal in M. Therefore, M is just a revision model for K and in
general it is not a revision model for K * A.

Now let’s analyze no the case when the nested conditional connective
appears in the antecedent of a conditional construction. Again following
the Ramsey test, the conditional (A > B) > C is equated with C being
accepted in the theory resulting from the revision of K by the conditional
sentence (A > B). But such a revision would collapse with our initial
assumptions about how CO provides a calculus for revision. A CO model
induces an AGM revision function * for a propositional theory K, such
that M satisfies (K*1)-(K*8). Since (K*2) requires (A > B) € K then
K should contain conditional sentences, contrary to our assumption that
K is just propositional. The so called “Gérdenfors’s triviality theorem” or
“impossibility theorem” [Gardenfors, 1986; Rott, 1989] shows that the AGM
revision operation becomes trivial when it is applied to conditional theories
whose conditional sentences are interpreted with the Ramsey test. No sound
conclusions about iterated change can be derived from CO nor DFT from

this interpretation.
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Chapter 8

Conclusions

In this thesis we have argued that although AGM functions provide coherent
change operations for single theories separately, these change operations are
not necessarily jointly coherent. According to the AGM theory, the change
of one theory may be unrelated to the change of another. We have regarded
this as a serious limitation of the AGM model and the work in this thesis

has been devoted to overcome this limitation.

We have argued that binary functions for theory change solve the prob-
lem of change in different theories, and to some extent, the problem of
iterated change. Since binary functions are defined for every theory, the
result of one application of a change function is a theory that can yet be put
as an argument of the same change function. Consequently, the scheme for
iterated change induced by binary functions is deterministic with respect to
their arguments. This behaviour has been interpreted as a lack of historic

memory and it is not always desirable in a model of iterated change.

We have started our study of binary functions with two exceptions in
the AGM theory: expansions and full meet functions, which contrary to
partial meet functions, are not an arbitrary family of unary functions. We
have continued with a distinctive binary operation for theory change outside
the AGM framework: Katsuno and Mendelzon’s update. In contrast to the
AGM tradition, Katsuno and Mendelzon formalized their update operation
as a binary connective in a finite language. We have shown that nothing

crucial relies on this formal difference, as it is possible to reformulate the
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update operator as a binary function that takes a theory and a formula and
returns a theory. However, we have exhibited that Katsuno and Mendelzon’s
postulates are incomplete to characterize the update function for infinite
propositional languages. We have provided an appropriate set of postulates,
strengthening theirs, and proved the corresponding representation theorem
for possibly infinite propositional languages. In this way we have extended
Katsuno and Mendelzon’s original work, which just defined the finite case.
Our results complete and clarify those of [Peppas and Williams, 1995], who
realized that Katsuno and Mendelzon’s framework was incomplete for first
order languages. In addition, we have put the AGM revision and update
operations on an even definitional basis that may allow for a better compar-
ison or understanding, when the nature of their difference is still an open
question in the philosophical logic literature.

We have given two different formulations of binary functions extending
the AGM framework, iterable AGM functions and analytic AGM functions.
We have proposed them as plausible candidates for changing distinct the-
ories, and we have also shown that they satisfy significant properties of
iterated change. We have defined both functions for possibly infinite lan-
guages and in both cases we have provided postulates extending AGM’s and
given representation theorems for different formal structures.

We have defined iterable AGM functions as having the peculiar property
of being almost constant on their first argument (the second argument held
fixed) without collapsing with full meet functions. According to iterable
functions, the change in one theory depends on the change of the largest
theory, the whole language.

Analytic functions can be calculated by means of a case analysis, such
that if one theory is an extension of another the cases considered for the first
can be lifted to the cases for the second. This seems to be an interesting
property for changing distinct theories. In addition, we have defined and
characterized maxi-analytic AGM functions that when applied to a consis-
tent complete theory they also return a consistent complete theory. With
analytic functions we have significantly extended the AGM theory, achiev-
ing a symmetrical treatment of the two arguments of the functions. Also

analytic functions provide a characterization result of AGM revisions based
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on non-symmetric distances for possibly infinite languages, an open problem
raised in [Schlechta et al., 1996].

But analytic AGM revisions have also another interest. We have shown
that they provide a formal connection with the update function of Katsuno
and Mendelzon. Analytic functions provide a new presentation of AGM
revision based on the update semantic apparatus establishing in such a way
a bridge between the two seemingly incomparable frameworks.

Finally, we have studied and compared two conditional logics that pro-
vide a logical calculus for theory change, Alchourrén’s logic DF'T and Boutilier’s
logic CO. By appealing to the notion of consequence, the two logics can be
used to calculate changes in different theories. We have revealed the con-
nection between the two logics showing that in a restricted language, the
two logics validate the same conditional sentences. Hence, under appropri-
ate restricting conditions the two logics are equivalent. In addition we have
identified the scheme of iterated change induced by the nested occurrences
of the conditional connective in the two logics and we have shown that it

yields a trivial notion of iterated change.

8.1 Further Work

Iterable functions and analytic functions are just two instances of binary
AGM functions, and there is possibly a whole landscape of binary functions
that remains to be considered. Iterable and analytic functions can be re-
garded as two extreme poles. The result of an iterable revision is either an
expansion or just the result of revising the largest theory, the whole lan-
guage. In contrast, the result of an analytic revision of a theory is always
dependent on the revision of some of its maximal consistent extensions. It
may be possible to define binary functions that stay in between the two.

In a different perspective, we believe that our analytic AGM functions
can be a definitional basis for merge operators [Fuhrmann, 1997]. In their
most general form they are n-ary functions taking n theories and returning
a theory, o : IK™ — IK, and this path of investigation has been hardly
addressed.

Given the link existing between conditionals and theory change, as pur-
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sued for example by [Grahne, 1991] and [Boutilier, 1996], it seems interesting
to investigate conditional logics for our frameworks. In such logics our bi-
nary functions would become connectives in the object language and only
finitely axiomatizable theories would be considered. The iteration of our
functions would be reflected as logical formulae with nested occurrences of
the change operators. Presumably this logic would throw further light on
new properties of binary functions and establish a closer link between theory
change and the field of conditional logics.

In this thesis we have not addressed the problem of change functions of
conditional theories. A conclusive result, known as Gardenfors impossibility
theorem [Gérdenfors, 1986] has shown that AGM revisions operating on a
conditional language are incompatible with the Ramsey test for interpreting
conditionals. There is considerable work in the literature on how to deal with
the impossibility theorem, proposing either to weaken the Ramsey test or
alter the properties of revisions [Gardenfors, 1987; Gardenfors et al., 1991;
Rott, 1989; Levi, 1988; Boutilier and Goldszmidt, 1993; Hansson, 1992] .
But, whatever be the solution to this dilemma, the notion of change in a
conditional theory seems to be best modeled via binary functions. In their
most general form they would take a conditional theory and a conditional
formula and they would return a conditional theory. In the context of con-
ditional theories the property of historic memory seems to play no role;
therefore, binary functions would provide the appropriate notion of change

in distinct theories and iterated change.



Appendix A

Table of Properties of Binary

Functions
Expansion | Full | Safe | Iterable | Update | Analytic | Maxi
meet analytic

Permutability - Vv Vv vV NO NO NO
Functionality vV V - V V Vv V
Monotony Vv NO | NO NO Vv NO NO
Weak Monotony Vv v, | NO Vv vV NO NO
Almost Constant V V - V NO NO NO
Union Vv NO | NO NO NO NO NO
Weak Union Vv vV vV vV vV NO NO.
Intersection Vv NO | NO NO Vv NO NO
Weak Intersection Vv vV vV Vv vV NO NO.
D-Ventilation (K*fin) vV v vV vV V Vv V
Elimination v/ NO - NO NO NO NO
Weak Elimination vV vV - NO NO NO NO
Commutativity Vv NO - NO NO NO NO
Weak Commutativity Vv v | NO NO NO NO NO
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Expansion | Full | Safe | Iterable | Update | Analytic | Maxi
meet analytic

Or-Right | v/ v |- v v v v
Or-Left Vv vV - Vv NO Vv Vv
K*9 vV V - vV NO NO NO
K3 v vl v | v ]| v |V
K*y v V-] v v v v
K*M Vv NO | NO NO NO NO V
11-17 1-6 1-6 | 1-3 1-6 1-4 1-4,6 1-4,6
C1-C6 1,3,6 1,36 | — 1,34 NO NO NO
T NO NO | NO NO NO NO NO
C NO NO | NO NO NO NO NO
1 NO NO | NO NO NO NO NO
M NO NO | NO NO NO NO NO
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